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Higher-spin-like symmetries and gauge models

Abstract

Higher derivative generalizations of translation symmetries (i.e. higher-spin-like symme-
tries) are utilized in this work in a novel approach to gauging, leading to a Yang-Mills-like
theory defined over a symplectic manifold dubbed "master space”. The developed theory
incorporates the starting symmetries by using the Moyal product, has a weakly non-local
action functional, it is perturbatively stable and admits a description in terms of an L.,
algebra. The spectrum of the theory is analyzed in terms of Wigner’s classification and to
that purpose a novel unitary representation of the Lorentz group is built on the space of
Hermite functions. The formulated field is massless and contains arbitrarily high helici-
ties, while the square of the Pauli-Lubanski vector does not necessarily vanish, indicating
that model contains continuous spin field degrees of freedom.

The master space and the discovered symmetry can serve to build additional gauge field
models, and we explicitly provide such candidate theories. In the Yang-Mills-like model we
find an additional tower of conserved currents. Further, we display how matter fields can
be modeled in the master space with coupling to the Yang-Mills like model and calculate
scattering amplitudes for the simplest processes. Finally, we turn our attention to the low-
spin sector of the theory and find a geometric description reminiscent of teleparallelism,
with the induced linear connection related to Weitzenbock’s. We apply the low-spin
results to find additional general background solutions of the complete theory.
Keywords: higher spin fields, higher spin symmetry, gauge symmetry, non-commutative

geometry



Simetrije viseg spina 1 bazdarni modeli

Prosireni sazetak

lako su slobodna polja viseg spina (gdje je s > 2) veoma dobro teorijski opisana,
trenutno ne postoji potpuna interagirajuca teorija takvih polja u ravnom prostor-vremenu.
Polja "nizeg spina" izvrsno sluze opisu prirode; u slucaju spina s = 1 omogucéuju opis
elektromagnetske, slabe i jake sile dok u slu¢aju spina s = 2 sudjeluju u opisu gravitacije.
Osim same znatizelje kakvu bi ulogu polja viSeg spina mogla imati u opisu prirode, postoje
brojne naznake kako bi njihova korisnost mogla biti velika u stvaranju konzistentnog opisa
kvantne gravitacije.

Izravna ideja za formulaciju interagirajuce teorije visih spinova je poceti sa slobod-
nim teorijama i potom ih deformirati red po red u deformacijskom parametru, pritom
zahtijevajuéi konzistentnost s ocekivanim simetrijama. Iako jasna, ta je ideja veoma
teska u provedbi, pa literatura trenutno oskudijeva potpunim rezultatima, dok djelomic¢ni
rezultati postoje. Tehnicka zahtjevnost ovog problema nije jedina teskoc¢a na putu ka in-
teragirajucoj teoriji - postoji znac¢ajan broj teorema koji pod strogo odredenim uvjetima
zabranjuju postojanje interagirajuce teorije visih spinova. Te je uvjete vazno uzeti u obzir,
ne kao opstrukciju, veé¢ kao uputu kakva svojstva u teoriji oc¢ekujemo, kako bi interagi-
rajuc¢a teorija mogla postojati. Tri su najvaznija takva svojstva kojima mozemo zaobi¢i
uvjete navedenih teorema; spektar teorije sadrzava neograni¢en broj polja, u formulaciji
teorije postoji odredena vrsta ne-lokalnosti, a Lorentz-kovarijantnost nije ogranic¢ena na
kona¢no dimenzionalne reprezentacije Lorentzove grupe. Ova se tri svojstva zaista po-
javljuju u modelu koji razvijamo u ovom radu, prvenstveno baziranom na radovima |1} 2|
i istrazivanju zapoc¢etom u [3|.

Od trenutnih pristupa interagirajué¢im teorijama viSeg spina isti¢emo Vasiljevljevu
teoriju [4, 5| koja opisuje interagirajuca polja viseg spina u AdS prostor-vremenu, no bez
mogucnosti prijelaza u ravno prostor-vrijeme i u formalizmu bez akcije, veoma udaljenom
od konvencionalne teorije polja. U ravnom prostor-vremenu razvijena je "kiralna grav-
itacija viseg spina" |6} 7], no uz kompleksan Hamiltonijan i S-matricu jednaku identitetu.

Nas se pristup temelji na iskoriStavanju simetrija jednostavnih modela materije, poput
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masivnog kompleksnog skalarnog polja, koje je simetri¢no na transformacije

o

B.p(r) = (i) D, 0, () (1)

n=0
Kroz odgovarajuc¢u reformulaciju modela materije, definiramo master-prostor, mnogostrukost
koja je sacinjena od direktnog produkta prostor-vremena i pomoénog prostora ¢ije koor-
dinate oznaCavamo slovom wu, nalik na fazni prostor tockaste Cestice. Kroz koristenje

Moyalovog x - produkta, polazne simetrije mozemo izraziti kao
0-Wo (w0, u) = i[We(z,u) 7 e(u)], (2)

gdje je Wy(z,u) = ¢(x)x6%(u) x¢'(x) Wignerova funkcija sacinjena od polja materije. Na
pozornici master prostora tada dolazimo do mogucénosti za formulaciju bazdarnog polja

hq(z,u) s infinitezimalnom bazdarnom simetrijom
Ocho(z,u) = OFe(x,u) + 1 [ha(z,u) ¥ e(x, u)] (3)

i teorije formalno nalik Yang-Mills teoriji, a sa moguénoséu opcenitije formulacije u kojoj
je teorija nalik Yang-Mills-ovoj samo jedna moguéa faza. Prema nedavnoj pretpostavci [§],
konzistentne klasi¢ne teorije polja moguce je opisati L., algebrom, pa tako pronalazimo
opis i naSe teorije kroz L, algebru.

U spektru naSe teorije se nalaze pobudenja proizvoljno visokog heliciteta, a zbog
neisc¢ezavajuce vrijednosti kvarticnog Casimirovog operatora Poincaré-ove grupe, dolaz-
imo do zakljucka da nasa teorija sadrzi stupnjeve slobode beskona¢nog spina - jos uvijek
nepotpuno istrazene kategorije elementarnih cestica po Wignerovoj klasifikaciji. U svrhu
analize spektra razvijena je i nova reprezentacija Lorentzove grupe na prostoru Hermitovih
funkcija.

Nadalje, pokazujemo kako koristiti pronadenu simetriju za formulaciju dodatnih baz-
darnih modela, analizu moguéih simetrija i opis polja materije, koji primjenjujemo za
izra¢un amplituda rasprSenja jednostavnih procesa u granastoj aproksimaciji.

Konac¢no, posebnu paznju posvecujemo dijelu nase teorije u kojem se nalaze samo
pobudenja niskog spina, pa pronalazimo specifi¢nu geometrijsku sliku, pomalo nalik telepar-
alelnoj geometriji, no uz linearnu koneksiju suprotnu Weitzenbockovoj.

Kljucne rijeci: polja viseg spina, simetrije viseg spina, bazdarne simetrije, nekomu-

tativna geometrija
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Chapter 1

Introduction and Motivation

Higher-spin theory, where higher-spin means s > 2, is a growing field of research whose
origins coincide with the birth of quantum field theory. While free field theories are
well known, it is difficult to describe interactions. In this work we present a possible way
forward. In the introductory chapter, we describe the motivation to pursue research in this
direction, prepare the terminology, and introduce several established research programs.
We then outline our approach, which departs from the traditional way of building an
interacting higher-spin theory, and summarize the results presented in the main body of

the thesis.

1.1 Motivation

It has been a long standing problem in theoretical physics to construct a satisfactory
theory of quantum gravity. Conventional approaches with quantizing General Relativity
result in a non-renormalizable theory, indicating insufficiency of General Relativity in
describing high-energy processes. However, not even renormalizable theories are liberated
from problems at high energies - the existence of a Landau pole in QED serves as an
example. Today’s experiments cannot probe the physics of our models at energies where
these problems arise, so we turn instead to a detailed study of theoretical (mathematical
and physical) constructs and aim to reach a self-consistent description of nature at all
energy scales. In various approaches to solving these problems we encounter higher-spins.

Better behavior of scattering amplitudes at high energies was noticed in string theory;

loop amplitudes are rendered finite which can be seen as due to an exchange of an infinite



tower of higher-spin states [9]. Spin 2 being among them makes string theory a quantum
theory of gravity. Sprung out of string theory is the conjectured AdS/CFT correspondence
[10]. The conjecture is widely used and shown to work in numerous cases, evidence
mounting towards its validity. The bulk side of the correspondence which should describe
a quantum gravity theory routinely contains propagating degrees of freedom of higher-
spin. Another motivation for studying higher-spins as a way towards quantum gravity
comes from [11] where it was argued that one way to respect causality in higher derivative
gravity is to extend the spectrum of the theory with higher-spin fields (see also [12] for a
more constraining argument).

An important source of motivation is pure curiosity. Lower-spin fields are expedient in
describing fundamental physics. What then is the role of higher-spin fields in our descrip-

tion of nature, and what is the appropriate theoretical framework for their formulation?

1.2 Higher-spin theory

An explanation of spin being a classifying number of elementary particles and their as-
sociated fields comes from Wigner’s classification [13| where the particles are labeled by
the eigenvalues of the Casimir invariants of the Poincaré algebra. Relevant cases include
massive particles with definite spin (e.g. W and Z bosons), massless particles with definite
helicity (e.g. photons), and a yet unobserved case of massless particles labeled by a di-
mensionful parameter, each containing an infinite number of helicities. Spin and helicity
are unfortunately degenerate in the literature, and we will conform to this lore. A more
detailed exposition of Wigner’s classification will be given in chapter [}

A direct way to ensure that a constructed field theory contains propagating degrees
of freedom of a definite spin is to have the fields satisfy a certain set of partial differential
equations, whose space of solutions carries the representation of the Poincaré groupE].

In the case of massive particles with integer-spin, a simple way to represent the

Poincaré group is to use Lorentz tensor fields ¢, ,, (x) satisfying the following differ-

!This is valid in case of a Minkowski background. In general one can choose another maximally

symmetric space and represent its group of isometries. We will focus on the flat space.



ential and algebraic equations:

(0= m?) Gy () = 0 (1.1)
O Pur vy () =0 (1.2)

P (T) = P(piy.i) (T) (1.3)
N2 o (1) = 0. (1.4)

This set of equations ensures that the degrees of freedom contained inside a Lorentz tensor
field of rank s are exclusively of spin s. In the massless case, things become more subtle.
A possible solution is to keep the previous set of equations, albeit for m = 0, but recognize

that manifest Lorentz covariance requires gauge invariance.

@Ll...m(x) = Opy..ppr (T) + D1 Epiz ot 1) (1.5)

This means that a set of equations as above describes a single gauge choice, while the class
of equivalence is larger. The construction outlined here uses tensors that are irreducible
representations of the Lorentz group. Though straightforward, this is a very specific
choice, and as we will see later, it is definitely not unique.

The description of integer linear (i.e. free) higher-spin fields on-shell was carried out
in the early decades of the 20th century [14]. In 1947, it was completed by Bargmann
and Wigner [15] for all integer and half-integer-spin fields. Once the equations were
known on-shell, a Lagrangian description was sought after, additionally ignited by the
discovery of composite higher-spin particles in particle accelerators in the 60’s and 70’s.
The Lagrangian programme was completed by Singh and Hagen [16, |17], for massive

particles in 1974, and by Fang and Fronsdal [18] 19| for massless particles in 1978 .

1.2.1 Interacting theories: a first view

Even though free higher-spin fields are well described in a Lagrangian formalism, a com-
plete theory of their interactions is not known. We will focus our attention on the massless

case. A minimal set of requirements for an interacting massless higher-spin theory would

be:

e The linear part of the theory contains a description of propagation of at least one

massless field with spin>2



e There exists an interacting part of the theory (with matter and possibly self-interacting)

e The theory has a stable vacuum

There is a straightforward way to describe how such a theory could be constructed, based
on Gupta’s idea of reconstructing General Relativity [20], formalized in [18] and named
Noether’s procedure. The advantage of this approach is having great control over the
appearing degrees of freedom. One starts with an action Ss[¢] for a free field ¢ of spin s,

with a field independent gauge symmetryf|

5ep = D€ = G0 (1.6)

Deformations of the free action and the gauge symmetry with terms of higher order in

the field can now be introduced

S[g] = Sa[¢] + €Ss[¢] + €*Su[@]... (1.7)
5 = 600 + €016 + 2620 + ... (1.8)

Finally, one has to solve perturbatively the equation

The antifield-BRST formalism [21], 22| is expedient for consistently posing and solving
the deformation problem (see e.g. results in 23] and [24] for a review). Although this
seems quite algorithmic, it is actually very complex, and has not yet yielded a complete
result. For this reason, we will turn to an alternative way of learning about structures
which should appear in an interacting theory. The technical severity of the problem is
not the only difficulty on this path, and there are important lessons we can learn from

the "no-go" theorems.

1.2.2 No-go theorems

There exist important results, based primarily on scattering amplitudes, that constrain
the conditions for higher-spin particles to exist or interact. The name "no-go theorems"
illustrates their strength; if their assumptions are satisfied, we cannot construct inter-

acting higher-spin theories. It is important to emphasize that "no-go" does not mean

?Indices are suppressed in the following.



existence forbidden under any circumstances. Here we mention the most important of

these theorems and draw attention to possible circumventions of their assumptions [25].
Weinberg’s soft theorem [26] implies that in a scattering process with N external

particles where a soft (low energy with respect to energy scales involved) massless spin s

particle is also emitted, the external momenta must satisfy the following law:

N
Zggs)pé”...pfs‘l =0. (1.10)
i=1

In the case of spin 1, the equation implies charge conservation, while in the case of spin
2 it implies universality of gravitational coupling. In the case of spin 3 or higher, there is
no nontrivial solution to the above equation, implying that higher-spin particles cannot
mediate long range forces. The theorem does not forbid short range interactions. In AdS
space it does not apply since the S-matrix does not exist, and it is not yet clear how
non-locality of a conjectured higher-spin theory affects the factorization properties of the
soft amplitudes.

The Coleman-Mandula theorem [27] implies that a maximal amount of symmetry for a
field theory is a semidirect sum of the Poincaré symmetries and internal symmetries such
as ones in Yang-Mills theory. In the higher-spin symmetries, we find higher generalizations
of translations, so they would have to be ruled out by this theorem. However, one of
the crucial assumptions of this theorem is the existence of a finite number of particles
under some mass-shell, a property routinely falsified in higher-spin theories which usually
contain infinite towers of helicity states. Another possible way out comes from the fact
that spacetime symmetries are here assumed to be encoded in a Poincaré algebra, however,
one might allow for a more general extension of spacetime symmetries in the form of a
universal enveloping algebraP} It is not yet completely clear how such an approach would
work, but it would likely involve some sort of a bosonic extension of spacetime, similar to
how supersymmetry has a fermionic extension of it |25].

The Weinberg-Witten theorem [28] states that any theory which has a Lorentz co-
variant and gauge invariant energy momentum tensor cannot carry spin higher than 1.
This is already visible with the case of spin 2, where it is really impossible to construct

a gauge invariant energy momentum tensor for the linear graviton field. Nevertheless,

3 A universal enveloping algebra is a vector space of higher polynomials of Lie algebra generators with
an inherited structure from the Lie bracket. In the literature, this is usually referred to as a "higher-spin

algebra" where the starting Lie algebra is an isometry algebra of a maximally symmetric space.



this does not forbid gravitons to self-interact, and the impossibility of a gauge invariant
energy momentum tensor is considered to reflect problems in localizing the energy of the
gravitational field (see [29] for a generalization of the Weinberg-Witten theorem for the-
ories without a gauge invariant energy-momentum tensor). The theorem also hinges on
the assumption of higher-spin particles appearing in asymptotic states, which does not
forbid a non-trivial interacting theory to exist.

To proceed with a possible construction of an interacting higher-spin theory, we take
three important lessons from these theorems; the spectrum of the theory should have
an infinite number of fields of different spin, there should be some degree of non-locality
involved, and Lorentz covariance could be achieved in more ways than by conventional
irreducible finite-dimensional tensor representations. As we will see below, in our models,

these requests are not put in by hand, but are consequences of the construction.

1.2.3 Interacting theories - examples

Though the mentioned "no-go" theorems are severely constraining, positive examples
exist (a good review can be found in |25, |30]). String theory is the most advanced
theory containing states of higher-spin; in the perturbative spectrum of the theory, there
appears a tower of excitations of ever increasing spin. In [31] a conjecture was put forward
that a possible massless higher-spin theory might be an unbroken phase of string theory,
whose states above spin 2 are massive. A breaking of higher-spin symmetries might be
a mechanism by which the higher-spin particles obtain mass. String theory is thus an
example of a mathematically consistent construction which predicts higher-spins.

One very important example of an interacting higher-spin theory in flat spacetime was
created using the light-cone formalism, in which one works only with propagating degrees
of freedom. This formulation enabled finding more interaction vertices than were known
in the language of ordinary Lorentz tensors. The procedure starts with the formulation
of a free theory, then one deforms it to the next polynomial level, and demands that the
generators of the Poincaré algebra still satisfy the commutators as they did for the free
theory. The solution is known as Chiral Higher-spin Gravity [6,32]. The interesting aspect
of this construction is a different number of positive and negative helicities (out of which
stems the name "chiral"). Recently, in |7, 33| this theory was quantized and it was shown

that the S-matrix is equal to unity, compatible with the no-go theorems. The Hamiltonian



of Chiral Higher-spin Gravity is not Hermitian, indicating possible non-unitarity of the
theory.

In AdS space, a self interacting higher-spin theory was formulated by Vasiliev in the
late 80’s [4, 5l 134]. By choosing a constantly curved background, it was possible to directly
evade the S-matrix based no-go theorems. This construction, performed solely on-shell,
starts by utilizing the higher-spin algebra, rather than Fronsdal fields, and promotes the
symmetry to be local.

The Lie algebra of isometries of AdS space [35] is

i[Pp, Py = — N> M (1.11)
Z[an, P’I‘] :nnrpm - nmrPn (112)
’L[an, Mrs] :nmsMnr - nmrMns + nn'rMms - nnstr ) (113)

where M,,, are Lorentz generators and P, are the AdS deformed translation generators,
from which the higher-spin algebra hs(4) is formed; an associative algebra of polynomials
in the generators modulo a two sided ideal generated by the Lie algebra of isometries.

This amounts to an algebra of polynomial operators in a certain ordering

My oy virotn ~ (M) (P (1.14)
Similar to Cartan’s formulation of gravity, two fields are introduced which are valued in
the higher-spin algebra, and full nonlinear equations are provided by the so called unfolded
formalism.

There are some exact solutions known and it is true that the linearized part of the
theory describes free higher-spin fields propagating on AdS space. It is also very useful
in case of AdS/CFT correspondence, and recently twistors were explored as its possible
geometric setting [36]. Apart from physical aspects, the mathematics of this theory are
interesting in itself.

Nevertheless, Vasiliev’s theory is far from being entirely desirable. The language in
which it is described is very far from the language of field theory, which makes it quite
inaccessible. There is no action provided so it is not clear how to quantize it. It is
formulated in AdS, without a regular limit to flat space (in simple terms, the theory
contains higher derivatives weighted by the cosmological constant). It was originally

thought to be local, but recently this has been seriously questioned [37], and although there



are ongoing debates about the degree of non-locality, it is safe to say that a conventional

notion of locality is not present.

1.3 QOutline of the thesis

Differently from the examples described above, we will base our construction on a utiliza-
tion of higher-spin-like symmetries of matter, which will be defined precisely below. In
chapter [2] we will describe how a gauging procedure can be formulated in an extended
manifold called the master space using the Moyal product. We will build a gauge theory
analogous to Yang-Mills theory, state its properties and show how to formulate it in a
more general way, manifestly displaying covariance with respect to the symmetry found
through the gauging procedure. Following [8]|, we will show that the built model admits
an L., structure.

In chapter 3| we will construct a novel representation of the Lorentz group on the space
of multi-dimensional Hermite functions. The results of chapter [3| are general and can be
used directly even in contexts different from the work in this thesis, without reference to
other chapters.

In chapter [ we will analyze the spectrum of the theory for which the newly developed
unitary representation of the Lorentz group will be used. It will be shown that the
theory contains states of arbitrarily high helicity, but furthermore, that the master space
formalism supports a description of infinite-spin particles.

In chapter |5| we will analyze the symmetries and conservation laws in our model,
and put forward further candidate theories based on the discovered gauge symmetry. A
connection to the matrix models will be highlighted.

In chapter [6] we will formulate a matter sector and describe possible ways of coupling
matter to our gauge field. Tree-level scattering amplitudes for matter mediated by our
gauge field will be calculated.

In chapter [7| we will focus on the low-spin (s < 2) sector of our theory and find that it
induces a geometric picture with similarities to teleparallel geometry. This relation will
be studied in more detail, and we will provide specific solutions to the field equations of
the low-spin sector.

The final chapter [§| contains an overview of the presented material with comments on



possible uses and future work.

The bulk of the thesis contains original work, apart from the small introductions on
the L., algebras in field theory, Wigner’s classification and teleparallel geometry reported
from existing literature. The appendices contain a review of mathematical tools used in
calculations based on literature cited therein, as well as some details of the calculations

in various chapters.



Chapters [2] [f], [f] and [7] are based on [1]:

o "Gauging the Higher-Spin-Like Symmetries by the Moyal Product”
M. Cvitan, P. Dominis Prester, S. G. Giaccari, M. Paulisi¢, I. Vukovié
JHEP 06 (2021) p.144, arXiv: 2102.09254

Parts of chapter (4] are based on [2]:

o "Gauging the Higher-Spin-Like Symmetries by the Moyal Product”
M. Cvitan, P. Dominis Prester, S. G. Giaccari, M. Paulisi¢, I. Vukovié
Symmetry 13.9 (2021) p.1581

Chapter [3] a major part of chapter [4 and section [7.3] contain work not yet published.
The first appearance of the gauge symmetry used in this work and a similar analysis

of the L, structure was in [3|:

o "Worldline quantization of field theory, effective actions and Lo, structure”
L. Bonora, M. Cvitan, P. Dominis Prester, S. G. Giaccari, M. Paulisi¢, T. Stemberga
JHEP 04 (2018) p. 095, arXiv: 1802.02968
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Chapter 2

Moyal Higher Spin Theory - origins and

construction

In this chapter we describe how higher spin symmetries of matter fields can be utilized in
a gauging procedure. To make the problem manageable we reformulate a sample model
of matter in a new language by employing a Hilbert space description of matter and the
Wigner-Weyl correspondence, and then formulate the Moyal Higher Spin (MHS) gauge
field model on an extended manifold called the master space. We construct a Yang-Mills
like theory using the newly developed concepts, show that it is classically perturbatively
stable and display how the MHS structure allows for an even more general formulation.
Finally, we show how the MHS Yang-Mills theory admits a description through the L.,
algebra.

2.1 Higher-spin symmetries and the master space
formulation

To make use of the gauging procedure we will examine global symmetries of a free complex

massive scalar field, described by an action
1
S[¢] = 3 / d*z (0,00"¢" —m>¢oT) . (2.1)

Apart from the usual U(1) symmetry, and the symmetry under translations, this action

is symmetric under a whole tower of ever higher derivative symmetries which can be

11



collected together in the following manner

o0

0cp() =Y (=) et gy, 0y, 0(x), (2.2)

n=0

where e#tF» are completely symmetric constant Lorentz tensors, each of rank n. Fo-

cusing the attention on the particular choice n = 0 (6.¢(x) = —icp(z)) we can rec-
ognize the infinitesimal form of the U(1) gauge symmetry, while the choice n = 1
((0ep(x) = —et0,0(x))) describes rigid spacetime translations. Higher rank cases are

named higher spin symmetries, with rank n corresponding to spin s = n + 1. The signifi-
cance of particular cases in ([2.2]) in constructing interaction terms between bosonic higher
spin fields was first elucidated in [38|, while the relation to the higher-spin algebra was
explained in [39).

There is a well-known textbook trick (see e.g. [40]) to find about the existence and
gauge symmetry of a gauge field which consists in promoting a transformation param-
eter as in to a function on spacetime (localizing or gauging the symmetry), while
demanding that the symmetry of the action be preserved - the particular case of n = 0
leads to the Maxwell field. Analogous procedures can be done for the n > 1 cased] There
is, however, a strong argument that the gauging procedure is inconsistent if only a single
localized higher-spin symmetry is used. Consider the commutator of variations generated

by n = 2 (s = 3) parameters &/”(z) and 4" (x):

0e1,02a) = (257000521 — £70,0528" ) 0,0,

s‘:,3
) (5‘2‘”8,,3?5 - gﬁ”auggﬂ) 0,0a05¢ (2.3)
~

Even though the initial variations belonged to the case s = 3, the commutator contains
s = 4 type transformations so the symmetry algebra is not closed. This problem is non-
existent only for the cases of s = 1 and s = 2, meaning that any consistent higher-spin
construction necessarily needs to encompass the whole tower already written down in
22

The gauging procedure starts by promoting the parameters ¢#'#» to functions on

spacetime, but this direct approach might not be the best. To make this problem tractable,

"When n > 1 one speaks of true higher spin symmetries, while n = 0, 1 are usually referred to as low
spin symmetries. We will refer to the whole tower 2.2] as higher spin even though the low spin cases are

included.
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we need to reformulate both the free scalar field action and the variations in a new language

and consequently define the master space.

2.1.1 Hilbert space formulation

Any quadratic action such as (2.1)) can formally be rewritten [41, 42| as a quadratic form

S16) = 3 (0n] Kunl62) (2.4)

where the vectors |¢,) span a Hilbert space H. The vectors are related to the field variables
as ¢.(x) = (x|¢,) where r can stand for any internal or Lorentz indices. With a complete

set of operators acting on H
[ ] =gy, (28] = 0 = [, @], (2:5)
we can build the (kinetic) operator
K = %0, —m?, (2.6)

and prove by inserting a completeness relation [ d%z |z) (x| that (2.4) is equa to (2.1)

Ste) =5 [ dta (] (Ja) (el — i) [0 (27)
:% / iz (9,60°0" — m*61) . (2.8)

It is now easy to manifestly display symmetries of the action ([2.4]) [41], 42, 43| 3]
P
S[o] = S (& | UUT' K UU™ [y) (2.9)

With U = exp(—i(‘f ) and £ a hermitean operator we see that the linearized symmetry

transformations are

5. |¢) =i&|g), 6. (6| = —i(¢|E (2.10)
0K, =il€, K,y . (2.11)

To reproduce the higher-spin transformations ([2.2]) we choose

E(i) =Y My, .y, (2.12)
n=0

2Convenient rules are i, |x) — 0% |z), (x| G, — —i0T (x|, being careful that these derivatives act on

the full scalar product, i.e. (x| tqtyp |y) = i(—i)020)é(z —y).

13



through which it is confirmed

5.6(x) = (al i (@) |6) (2.13)
=3 (e g, 8, 0() (2.14)

n=0
Note that (2.12)) is a choice, while the symmetry transformation operator can be a general

function & (@) depending on operators 1.

2.1.2 Master space formulation

For the next step we will use the Wigner map and its inverse the Weyl map, which are

defined and summarized in appendix [A.2] We rewrite the matter action (2.4)) as

Sl] = 5 (0 K [6) = 5tr (K 16) (9] (2.15)

Since on the Hilbert space H we have defined a complete set of operators ¢, u;, we can
perform the Wigner map on the action , which takes a Hilbert space operator
and maps it to a function over a manifold resembling a phase space of a point particle,
with coordinates x%, u;, which we call the master space. A product of operators is by
(A.27) mapped to a Moyal x-product of functions, and the trace of an operator is mapped

to an integral over the complete master space. For the kinetic operator we obtain
/ddq (x — |7) Tty — m?|z + g) el = n®y uy — m?, (2.16)
while the projector |@) (¢| is mapped to the Wigner function

[data =210y ole+ e = [ daow—a/26' @+ g/ e

2
=(2m)"¢(x) * 6 (u) x ¢'(2), (2.17)
where Moyal’s star product * is defined by
a(x,u) *b(x,u) =a(x,u) exp[ (836 5u - 590 : 5u)} b(x,u). (2.18)

The definition and properties of the Moyal product are given in appendix (A.1). The
easiest way to prove that (2.17)) is the Wigner function is by using the property (|A.14])

14



and to work backwards
@wv¢uﬂ*wmn*¢wm=3/d%¢@»*aW*¢W@
= [ o) [eriot @+ D)

2
_ [ 9y iqu st q
_/dq¢(a:—§)e S+l (2.19)
Finally, the master-space form of the scalar field action is
1 0, dMu oy 2
i) = 5 [ ' g5 0P = )« W) (2.20)

where x are spacetime coordinates and u are auxiliary coordinates of the same dimen-
sionality. The master space is thus a non-commutative, 2d-dimensional manifold where

the non-commutativity is encoded in the Moyal commutators

a

(2% *uy) =467, [2°* 2" =0, [ug*u]=0. (2.21)

Note that the spacetime coordinates and auxiliary space coordinates remain commutative

between themselves. Under Lorentz transformations, the coordinates transform as
% — A%a?, g — A luy, (2.22)

to keep the Moyal product Lorentz invariant.

The symmetry transformations lead us to conclude that for the case of
the kinetic term is unchanged. The projector |¢) (¢| which maps to the Wigner function
has the following transformation properties according to

0 () (@) = i[€. |¢) (4] (2.23)

from which through the Wigner map we conclude that the Wigner function transforms as
a Moyal commutator

0 Wz, u) = i[Wy(z,u) ¥ e(u)] . (2.24)

At this point we additionally emphasize that e(u) is a general function of u, while a
polynomial expansion similar to (2.12)) could be made to make contact with a conventional
approach to higher-spin symmetries. We will proceed in the more general point of view,

but for completeness of the argument we note that a parameter €(u) of the form
o
e(u) = Z ghttmay, ..y, . (2.25)
n=0
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reproduces the transformations (2.2} 2.14).

Gauging the symmetry amounts to promoting the symmetry parameters from rigid
to local. In our setting, a rigid symmetry is described by a parameter depending solely
on auxiliary coordinates u, while a local symmetry parameter has a dependence also on

spacetime coordinates x. For simplicity, we set m = 0 in the matter action ([2.20]).
1 d i1 d. d, . a
S:§ d®x 0,0 0"¢ =3 dirduu® * Wy * u, . (2.26)
For a rigid parameter (z,u) = e(u) we indeed have a symmetry sincd’|

1
55’:i/ddxdduﬁ([u“fw(b*e*ua] + e ut] *x {Ws tut) -

The first term is discarded as a Moyal commutator is a total derivative both in x and
u coordinates, and the second term vanishes since ¢ = ¢(u), and a Moyal commutator
between only auxiliary space variables vanishes.

In case where the gauge parameter € = (x, u) is also a function of x, the second term
above does not vanish. If we demand that symmetry be preserved we must introduce a

compensating vector field h,(z,u).

1
S = 3 /dd’x d*u (g + he) * Wy * (u® + h*) . (2.27)

The variation of the action becomes:
1
58 =3 /ddx du <5ha *{Wy * (u” + h*)} +i(uq + he) * Wy e (u” + h?) (2.28)
— (g + ha) % e x Wy * (u® + h“)) . (2.29)

Following the logic above and discarding the boundary terms we obtain:

1
55 = /ddx s (S + e 5 (g + ha)]) % {W, * (u® + h%)}

from which we conclude that the action is locally invariant if the compensating field has

the following infinitesimal transformation law:
Ocho(z,u) = Oge(x,u) + i[ho(x,u) ¥ e(z,u)] . (2.30)

This gauge symmetry made its first appearance in [3] as a symmetry of an action with a

linear coupling of a tower of higher-spin fields to a Dirac fermion. A similar construction

3To see this add and subtract FWykexugrxu® — Wy xextg*u® 4+ € * g * We xu® — e xuqg x Wy xu

and use cyclicity of the Moyal product under integration.
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employing a linear coupling of a tower of higher spin fields to a massive scalar field
was examined in |44} 43|, whose results in the language of this chapter are presented in
appendix

A most important feature of the master space construction is that the Lie algebra of

symmetries is closed, as we can check

[0cy 5 0y [ W (2, 1) = i[0c, Wy (2, u) % ea(x, w)] — i[0c, We(z,u) * e1(x, u)] (2.31)
= —[[Wo(z,u) T er(z, w)] 1 ea(z, w)] + [[Wo(z,u) T e2(z,u)] 3 e1(x, u)] (2.32)
= i[Wy(z,u) *iler(z,u) ¥ ea(x, u)]] . (2.33)

We conclude that the Lie algebra of (local) symmetries is non-abelian and infinite dimen-

sional. The Lie bracket is provided by the Moyal commutator
[5817552] = 51'[51‘:62] . (2.34)

Through the reformulation of the matter model in the master space and the gauging
procedure we have learned of the existence and gauge transformation properties of the
master field h,(x,u). We take the master space as the stage on which we will build our
model, with the algebra of functions realized with the Moyal product. We will call the
symmetry transformations such as , Moyal Higher Spin (MHS) transformations

and define the master space fields according to possible transformation rules:

e Fundamental representation (infinitesimal parameter e(x, u))

dex(yu) = —ie(z,u) * x(z,u) (2.35)

e Fundamental representation (finite parameter e, Z'S(I’“))

¢°(z,u) = ;50 x (x, u) (2.37)

e Adjoint representation (infinitesimal parameter e(x, u))

Az, u) = —ile(z,u) ¥ Az, u)] (2.38)
4The *-exponential function is naturally defined as
2@ — ZO % a(x,u) ™. (2.36)

More details can be found in appendix
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e Adjoint representation (finite parameter e; ' ""))

A8 (x,u) = e C@W Az, u) % 5@ (2.39)

A simple application of the Baker-Campbell-Hausdorff lemma guarantees that the large
MHS transformations form a group, since it is always possible to find a solution &(z,u)

such that

* *

while the inverse is then obtained as

(e—ic‘:(m,u))_l = ei@u) (2.41)

*

2.2 MHS gauge potential and the Yang-Mills model

One way of discovering the master space gauge field h,(x,u) and its infinitesimal transfor-
mation properties was described in the previous section. Once we are equipped with the
Moyal product and functions on the master space, we can independently follow the steps
of the Yang Mills construction and generalize the previous conclusions. The conventional
YM gauge field is a Lie Algebra valued 1-form h(z) defined on spacetime M which serves

as a connection with transformation properties

h?(z) = g(z)h(2)g(z)™" —ig(z)dg(z) ™" (2.42)

with d the exterior derivative. In our case the group elements g(z), which usually carry
values of the Lie algebra, are functions on the master space, generating the MHS transfor-
mations. The same conclusion stands for the gauge field and we can define the connection

transformation properties as
he (z,u) = e €@ s by (2, u) * 6@ — je tE@w) y greiflen) (2.43)

The definition above is compatible with the infinitesimal transformation properties found

in the gauging procedure. If we expand each e, @) with € (x,u) = e(x,u) to emphasize

linearization, and keep only linear terms in (2.43)), it becomes

Ocha(z,u) = O5e(x,u) + 1 [ha(z,u) ¥ e(x, u)] (2.44)
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identical to (2.30). We must keep in mind that the natural coordinates of the master

space are x%, uy, thus, under Lorentz transformations, the MHS potential transforms as
R (2, u') = Ahy (2, u) (2.45)
where
7' = A%, ul = Ay . (2.46)
We can rewrite (2.45)) as an active transformation and employ a matrix notation in the
arguments with (A™! - 2)% = (A"1)%2® and (u - A), = uA%, to obtain
Rl (z,u) = A"hy(A™Y -2 u - A) . (2.47)
The combination of the exterior derivative and the connection gives us the covariant
derivative. The requirements for its definition are that (i) it is gradient linear, (ii) maps

tensors into tensors, (iii) obeys the Leibniz rule and (iv) it is the inverse of the integral,

which in our context for a covariant derivative denoted by D} means
/ddx duD* A% (x,u) = (boundary terms) . (2.48)
This leads us to the definition
=05 +i[hg(z,u) ] (2.49)

The field strength (curvature) can now be defined as the covariant derivative of the gauge

potential, which leads to
Fop(z,u) = 0shy(z,u) — Op ho(z,w) + 0 [ha(x, u) ¥ hy(z,u)] . (2.50)

Under MHS transformations we obtain expected transformation properties for infinitesi-

mal transformations

O Fup(,u) = i [Fup(z,u) ¥ ez, u)] . (2.51)

and equally expected for finite transformations
FE (z,u) = e €@ & Foy(x,u) x el6@W (2.52)
The Bianchi identity follows directly:
Dfanc](:U, u) =0, Ophq(x,u) — OlOchy) (2, u)

+ i[Ol (x, u) 3 he (2, w)] + ilbp (2, w) T Oaha(w, w)]

+ilhpa(x, u) T Ophe)(z, u)] — ilha(z, u) ¥ Ochyy(x, )]

= [hgal, w) ¥ [ho(2,w) ¥ he (2, 0)]] = 0, (2.53)

19



where also the Jacobi identity for the Moyal product (A.11]) was used.
An expected property of the field strength is that it measures the triviality of the
configuration.

h is pure gauge — F=0. (2.54)

This can be proven in the similar fashion as it is usually done in standard YM theory, using
the fact that the Moyal product satisfies the algebraic properties of matrix multiplication.

The proof of (2.54) is presented in Appendix .
We now define the Moyal Higher Spin Yang-Mills (MHSYM) action as

Sym - 4g2 /ddx ddu Fab(% u) * Fab(x’ u>
ym
1
- /ddx du F®(z,u) Fy(x,u) + (boundary terms) . (2.55)
9%

The indices a, b, ... are raised, lowered and contracted with the Minkowski metric 7,,. The
presence of the Moyal star product, both explicitly and in the definition of the curvature
tensor introduces higher derivatives into the action, making it weakly non—localﬂ There
are at most quartic terms describing interactions. The boundary terms are irrelevant
when equations of motion are sought for, but one has to be careful not to discard them
when searching for conservation laws as we will examine in chapter f] Due to the non-
commutativity of the Moyal product, one should in general distinguish between the "left"

and "right" functional derivatives of master space functionals

6pAlh, )] = / ddxdduéha*%, SrA[h, Y] = / d%x du

ORA
dhg

* Ohg (2.56)

but on places where it does not make a difference, we will omit an explicit subscript, such
as is the case when searching for equations of motion. For the MHSYM action the EoM

for the master space field h,(z,u) are

Oyhg — OTOFRY + i (2[hb £ O hg] — [hy ¥ OTAY) 4 [OF R * ha]) + [hb *lhe % hb]} =0
(2.57)
or written compactly

DiF"(z,u) =0, (2.58)

5A weak notion of non-locality entails higher derivatives appearing in the action in an unbounded

1

order. A strong non-locality would entail operators such as 7, and we do not encounter such operators

in our theory.
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Properties of the MHSYM model

In the next section, we will move to a more general construction of a gauge field theory
in the master space. At this point, we emphasize some of the basic properties of the
MHSYM model.

Apart from the MHS symmetry, the action is invariant under the following

transformations
W2 ) = Al hy(zu) , 2 = A2+ € u, =N+, (2.59)

where A are Lorentz matrices and {# and 7, are arbitrary constant vectors. The Lorentz
transformations acting in spacetime and the auxiliary space must be the same in order
to keep the Moyal product invariant. We see that besides the standard Poincaré group
(A, &) of spacetime isometries, there is also an independent group of translations in the
auxiliary space. In chapter [6] we will show that a matter sector may break the auxiliary
space translation symmetry.

The master field can be restricted to an odd function in the auxiliary space
ho(z, —u) = —hg(x,u) . (2.60)

Indeed, it is easy to show that HS transformations are compatible with this if the MHS

parameter is also restricted to be odd
e(z, —u) = —e(z,u) . (2.61)

Using the expansion it follows that this restriction corresponds to gauging only
spin-even rigid HS transformations.

The dimension of the MHS potential is (length)™! so the dimension of the coupling
constant gy, is (length)™2 for all d. It appears that the MHSYM theory has a scale,
which we denote by ¢}, already at the classical level. However, we shall show in chapter
that the theory in the classical regime does not have an intrinsic scale and that the scale
symmetry is spontaneously broken by the choice of the vacuum. To make contact with
the canonical formalism it is natural to pass to the dimensionless auxiliary coordinates @

and a rescaled coupling constant g, and the MHS potential h,, defined by

i=0u G =0 gm ha=ha/Gym . (2.62)
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The dimension of gy, is (length)2~2, the same as in the standard Maxwell or Yang-Mills
theories, and in d = 4 it is zero. In the canonical normalization cubic terms and quartic
terms in the action have the coupling given by gymf;’ " and g2, (5, respectively, where D
is the total number of spacetime derivatives in a given monomial.

An essential property of the MHSYM model is the stability of the vacuum solutions.
Since hy(z,u) = 0 is a solution of we can examine the behavior of the theory in
the linear regime where we keep only quadratic terms in the action. To that end, the

curvature tensors become
Féf) = Oghp(z,u) + Opha(x, u) (2.63)
and the linearized action is given by

S(2) —

ym

a 2
_ 4g§m /ddl‘ d%u F® b(:L‘, U)Fa(b)(xa u) _ (2.64)

The action is formally similar to the one for the Maxwell theory, so we can immediately

obtain the expression for the spatial energy density

2913m /dd_lx/dd“(z Foj(z,u)’ + ) Fiu(z, U)Q) (2.65)

j<k

U =~

which is manifestly positive definitd®|and vanishes only for h, (2, u) = 0 (and gauge related
configurations). We see that h,(z,u) = 0 is a perturbatively stable vacuum in the clas-
sical MHSYM theory. There are no runaway modes in the linearized regime, though one
cannot exclude the possibility of their existence in the full theory, due to its non-locality
and non-linearity. We have to impose on the MHS potential proper fall-off conditions at
the boundary (infinity) of the auxiliary space to make sure that the action and observ-
ables such as energy and momentum are well-defined. This will be a decisive factor for

determining the particle spectrum of the theory.

5The terms in the sum are ordinary squared, i.e. not by using the Minkowski metric. The energy
density displays the same form as in Maxwell’s theory u = %<€0E2 + %B2), albeit with an additional

auxiliary space integration.

22



2.3 MHS Covariant formulation

2.3.1 MHS tensors

The MHS structure offers even a richer formalism than the one encountered in the Yang-
Mills like formulation. We use a formal similarity with non-commutative field theories
to borrow some of the techniques, and show that there exists a covariant frame-like for-
mulation, important in understanding the emergent geometrical description described in
chapter [7] As we will show, it also offers a better starting point for a background inde-
pendent formulation and a direct relation to matrix models.

In the YM-like approach the basic object that covariantly transforms, in the adjoint
representation, under MHS transformations is the MHS master field strength, see .

Any master field A(z,u) transforming in the same way, which is

Aibm@, u) = e:ig(r’“) * Agp...(x,u) % el E(zu) (2.66)

*

we call an MHS tensor. In general it can have any number of Lorentz indices (denoted
by Latin letters a,b,...), on which MHS transformations do not act. For the moment
we assume a flat background and trivial frames, so that Lorentz indices are raised and
lowered with the Minkowski metric tensor. For infinitesimal MHS transformations this

gives the MHS variation
0:Ag.(x,u) =i [Ag..(x,u) *e(x,u)] . (2.67)

The important property of MHS tensors is that the Moyal product of MHS tensors is
again an MHS tensor. This is a trivial consequence of (2.66)) and ([2.41)).

A8 (z,u) x BE (2, u) =e €@ & A(x, u) x el6@W 4 e 1€@W o B ) % el £@W  (2.68)

*

—e 6@ & Az, u) x B(z,u) x ei£@) (2.69)

*

2.3.2 MHS vielbein

In standard YM gauge theories, to construct a covariant object from the gauge potential
we need to take a derivative, which leads to constructing the gauge field strength. Non-
commutativity of the MHS structure allows us to construct an MHS tensor without using

derivatives, in the following way
eo(T,u) = uq + ho(z,u) . (2.70)
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Using ([2.44) it is easy to show that e,(x,u) transforms under MHS variations as
deea(x,u) =ileq(z,u) *e(x,u) . (2.71)

which is exactly the rule for the adjoint transformation law . The presence of such
an object is not unexpected from the viewpoint of NC field theories (a closely related
concept are covariant coordinates in non-commutative field theory [45], with an important
difference being that in our case, spacetime remains commutative). By using e,(x,u)
instead of the MHS potential h,(x,u) we can write all equations in the MHS gauge sector
in a manifestly MHS covariant way (i.e., by using exclusively MHS tensors), a feat not
possible in the standard YM theories.

We refer to e,(z,u) as the MHS vielbein. As we examine in more detail in chapters

and [7], it is sometimes useful to consider a Taylor expansion in the auxiliary coordinates

ea(T,u) = Z et () g ey, (2.72)
n=0

As with the higher spin symmetries ([2.2)), we call the n-th order term a spin n+1 spacetime
component. If we perform a gauge transformation with a parameter containing only the
s = 2 contribution e(z,u) = e*u,, the spin-2 (n = 1) spacetime component of ([2.72)

transforms under the MHS transformations as a vector frame under diffeomorphisms
Seeqg WM = e, M9, et — ¥, e, DH . (2.73)

When coupled to spacetime matter, this vector frame plays the role of the vielbein, as
shown in chapter [6] This is the origin of the name MHS vielbein.

This expansion also illuminates the meaning of and the preferred background
it represents. Performing Taylor expansions and equally

ho(z,u) = Z Y O KT T (2.74)

n=0

one obtains that the corresponding spacetime fields are connected through
eg”)““'”” (x) = h((l”)“l"'“” () , n#1 (2.75)
and what corresponds to a vector frame is
eH(z) = 5,4 + hiVM(z) (2.76)
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Through the vielbein interpretation we realize that (2.70]) defines the MHS potential with
respect to the empty Minkowski background

€a = Uq = OHuy, . (2.77)

This is not surprising, but it shows the limits of practical usability of . We can
again see that the MHS vielbein is the fundamental object in the theory, and that
is sensible only if we are interested in expansions around the empty Minkowski vacuum.

Strictly speaking, to identify elH (x) as a spacetime vielbein, an invertibility con-
dition should be imposed. This condition is apparently not required in the MHS for-

malism, which opens the possibility of accommodating configurations and phases with

non-geometric interpretations.

2.3.3 MHS covariant derivative and torsion

We have already seen in (2.49) that the covariant derivative is defined as
Dy = 0 +i[haz,u) ;| (2.78)

and that it fulfills all the requirements for a covariant derivative when acting on an MHS
tensor. Using we obtain that the background independent formulation of is
given by

D =ileq(z,u)* |. (2.79)
This form is not only more generic but also usually more convenient for performing cal-
culations. Note that we can write the MHS variation of the MHS vielbein in a manifestly

covariant form as

deeq(x,u) = Die(x,u) . (2.80)
Having defined the MHS vielbein and covariant derivative a natural object to construct
is
Top(z,u) = Djep(z,u) =ileq(x,u) ¥ ep(z,u)] (2.81)
which is an antisymmetric MHS tensor

Tap(z,u) = =Tpe(x,u) . (2.82)

As we show in chapter [7, the Moyal bracket in the spin-2 sector behaves as the Lie
bracket of vector fields. It then follows from (2.81)) that 7}, can be interpreted both as
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the generalized anholonomy and the generalized torsion.m We shall refer to it as the MHS
torsion. Expanding around the flat background (2.70)), we get

Top(z,u) = O5hp(x,u) — Oy ha(x,u) + i [ho(z, w) * hy(z, u)] (2.84)

which is the MHS field strength obtained in the YM-like construction and defined in
(2.50). Our convention is to use the symbol Ty, in generic situations, and the symbol Fy,

when (2.70) is meaningful.

A particularly interesting feature of the covariant MHS formulation is that there are
no further independent MHS tensors which we could define motivated by a geometric
analogy. In differential geometry the Riemann tensor is extracted from the commutator
of covariant derivatives. The commutator of MHS covariant derivatives, acting on an

arbitrary MHS tensor, gives

D, Dy|A.. (z,u) =i [Top(x,u) ¥ Ae. (z,u)] (2.85)
thus it is defined by the MHS torsion. As a special case,
(D, Dyl ec(x,u) = DiThe(z, u) (2.86)

from which we see that there is no extra independent structure in our formalism cor-
responding to the generalized Riemann tensor. Using the Jacobi identity (A.11]) it is
straightforward to show that the MHS torsion satisfies the MHS Bianchi identity,

D; Toe(x,u) + Dy Teo(z,u) + Di Top(z,u) =0 (2.87)

which is the same as (2.53)).
Note that by putting A, (x,u) = e(x,u) in (2.85) we can write the MHS variation of

the MHS torsion as

O Top(x,u) = [Dr , Dy e(x,u) (2.88)

=D b.ep(x,u) — D} b-eq(,u) . (2.89)

"The latter is obvious when we write T}, in the following form

Top = Drep(x,u) — Dy e, u) — i leq(z,u) ¥ ep(z,u)] . (2.83)
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2.3.4 The MHS metric
The simplest HS tensor without frame indices in our formalism is
g(x,u) = ey(z,u) xe*(x,u) . (2.90)
For the obvious reason we call it the MHS metric. If we use and a similar Taylor
expansion for the MHS metric
o) = 3 g () - (2.91)
s=0
it follows from that the s = 2 component is given by
oy (@) = n®eMk(z) el () + (HS contributions) (2.92)

where every monomial in "(HS contributions)" contains field(s) et "(z) with n > 2,
which is spin > 3. Up to spin s > 2 contributions, this is exactly the relation between a
metric and a vielbein in standard differential geometry.

If we expand the MHS vielbein as in , then the natural way to expand the HS
metric is

g(z,u) = u® + h(z,u) . (2.93)
Taylor expanding both sides around u = 0, we get for s # 2

and for s = 2
9oy (2) = 1" + hig) (@) . (2.95)
We see that the MHS field h(x, u) measures the deviation from the flat background. Using

(2.90), (2.93)) and (2.71)) we get the MHS variation of h(z,u)
dch(z,u) = 2(u-0,)e(z,u) + i [A(x,u) ¥ e(x, u)] (2.96)

which is exactly the variation found in [44, 43| in the analysis of MHS symmetries of
the free Klein-Gordon field linearly coupled to the infinite tower of spacetime HS fields.
In [44] 43| it was argued that h(x,u) should be a composite field, and here we made it
explicit. In chapter @ we show that h(x,u) indeed is the field which couples minimally to
the Klein-Gordon field in the MHS formalism. Using , and we obtain

h(x,u) = 2uhg(z,u) + ho(x,u) x h* (2, u) . (2.97)

27



In particular the s = 0 component of h(z,u), which provides seagull vertices for s > 1
interactions when coupled to a Klein-Gordon field, is
hioy(x) = ho(z,u) * h*(x,u) : (2.98)
u=0

The MHS covariant derivative is not metric-compatible since

Qa(2,u) = Dag(w,u) = iealw,u) 7 g(x, u)] (2.99)

is generally not vanishing. We refer to the HS tensor Q,(x,u) as the MHS nonmetricity
tensor. The underlying geometry in our construction appears not to be of the Riemann-

Cartan type. Note that the MHS nonmetricity tensor (2.99) can be written as
Qa(z,u) = {ep(z,u) * T,0(x,u)} (2.100)

i.e., it is completely determined by the MHS torsion.

To summarize, the geometry emerging in the MHS theory has all fundamental tensors
(torsion, Riemann tensor and nonmetricity) non-vanishing. While the geometry may look
exotic at a first glance, it is in fact closely related to the teleparallel geometry. In chapter
we study in detail the spin-2 sector, and show that the emergent linear connection is

oppositeF_;] to the Weitzenbock connection.

2.4 L structure of the MHS model

It was conjectured in [8] that any classical, perturbatively defined field theory can be
described by an appropriate L., algebra, a vast generalization of Lie algebras, which
we will soon define. This is an exciting prospect, which gives hope into identifying the
crucial recipes for field theory, abstracting away from any specific ingredients. Further
merit to this conjecture can be found through the dual relationship of L., algebras and
the Batalin-Vilkovisky formalism [47]. Examples are plentiful and we refer the reader to
the citation tree of |8} |48] and to the references in the contemporary theses [49, 50].

The MHS theory can also be described by an L., algebra, which is one of the first
results on the MHS symmetry obtained already in [3|. There, the analysis was based on
the MHS gauge transformations and the symmetry of the effective action, which entails all

theories symmetric under MHS transformations, while here, we will focus on the specific

8To use the terminology of |46
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instance of the Yang-Mills-like theory as defined above and show that it admits an L.,
structure, both in the formulation through the MHS potential and the MHS vielbein.
The definition of the L, algebra and our analysis will follow closely [§]. The history

of its appearance in physics is summarized in [51].

2.4.1 Definition and properties of the L., algebra

An introduction to L., algebras in terms of generalizing Lie algebras is given in appendix
[A.3] Here we immediately state the definition of the L, algebra precisely. An L..-algebra
is a Z-graded vector space X

X=PX. neck (2.101)

where

xx =degxy =n = 1 € X, (2.102)

together with a collection of multilinear products 1, {5, (s, ...

O X x---xX =X (2.103)
k

that are graded commutative with a degree
degly =k —2 (2.104)

meaning

deg(lp(x1, ..., xp)) =k —2+ Z deg(z;) . (2.105)

=1

The graded-commutativity is given by

fk(l‘g(l), Ce ,xo(k)) = (—1)06(0; $)€k<:€1, ce ,mk) (2.106)

[

where o is a permutation of k labels, (—1)7 is negative (positive) if the permutation is

odd (even), and €(o; ) is the Koszul sign. For example
62(132, .Tl) = (_1>1+deg(wl)deg(xz)£2(x1’ .CL’Q) . (2107)

We can use the notation deg(x;) = x;. One direct way to determine the Koszul sign is to

consider a graded commutative algebra
xT; A Ij == (—1)Xixj$j N €T; (2108)
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and find the Koszul sign €(o; z) through
TIN AT = €(050)Toy N A T - (2.109)

The products ¢ in L., algebra satisfy a very specific quadratic identity enumerated by a

positive integer n equal to the number of inputs. Schematically, the identities are of the

form”
> (1)) =0 (2.110)

i+j=n-+1

and in full detail the identities are
Z (—1)i(j_1)(—1)06(0'; l‘)gj (Ei(l'a(l), ce ,l‘g(i)), l‘a(i+1)7 ce ,Ia(n)) =0. (2.111)
i+j=n+1
The sum is over the so-called "unshuffles", which are permutations that partially keep
the order (1) < ... < o(i) and (i + 1) < ... < a(n).

Let us unpack the first 3 identities which we will explicitly use below

n=1
n=2

O (lo(1,x9)) = Lo(ly (1), ) + (=) Ua(xq, 1 (22)) (2.113)
n=3

0 261(63(55171;271.3))
(0 (1), 9, w3) + (=) (1, 1 (22), w3) + (=) TPy (w1, 25, by (3))

+lo(ly (21, 22), x3) + (—)Xl(XﬁXB)EQ(@(I%$3)7$1) + (—)(X2+X1)X3€2(€2($3, 1), T2)

2.4.2 L., algebras in field theory

The authors in [8] put forward a claim that all field theories which can be defined per-
turbatively are structured with respect to some L., algebra. Based on earlier work in
closed string field theory [52|, they provide a general form of how equations of motion and

gauge transformations should look when expressed through the L., products ¢;. They

9Compare with
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also define an inner product of vectors and by using it identify the general form of the
action expressed as an inner product of fields with some ¢;. The inner product is defined

to satisfy

(z1, 22) =(=)" (2, 21) (2.114)

(X, (21, ..y xy)) =(=) Yy, b, ... 2y)) (2.115)

An L., algebra together with the inner product is called cyclic.

By direct comparison of the general equations and the specific forms of gauge transfor-
mations, action, and field equations in a specific theory, it is possible to extract information
on how exactly the products ¢, act, and confirm that these products really follow the L.,
structure. This is what we will do below. It is assumed that there are no vector spaces
with degree d < —3. The gauge parameters A, fields ¥ and equations of motion F belong
to the vector spaces

AeXy,, VeX, FeX, (2.116)

where the subscript indicates the degree of elements belonging to that vector space. A

field theory is structured through an L. algebra as follows
e Gauge transformations are
1 1

or in general

oo
1 n(n—1)

NS ()T L (A, 97). (2.118)

e With it can be seen that a commutator of gauge transformations is
0710A; — Oa0a, = Onyy + 0%, A, (2.119)
where d,,, is an ordinary gauge transformation with a parameteﬂ
Ao = lo(Ag, Ay) + U3(Ag, Ay, ) — %Q(AQ, AU UL (2.120)

and 5{17 A, 18 an "equation-of-motion" type symmetry, a transformation which van-

ishes on-shell, stated explicitly in e.g. [53]

n(n—1)

Oy, ¥ = Z %ém(AhAz,F, v,.., ). (2.121)
n=0 :

10Can be shown perturbatively through the use of L., identities.
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e The action is
1 1 1
S = 5(@,&(\1})) — g(w,eg(\l/, U)) — E(xlf,ég(\p, U U)) + - (2.122)

or in general

szi L g g (o). (2.123)

— (n+1)!
e Field equations are
1 1
F(0) = 0(V) = 56(0,¥) — ools(0, U, 1) + - (2.124)
or in general
> 1 n(n—1) n
F(¥) = 2 ()T (). (2.125)

Without reference to a specific field theory, we can identify the products

C(F, U, 0, W) =0 (2.126)
——

k1
since their degree would be (k—2)+ (—2)+ (k—1)-(—1) = —3, and a vector space with

degree X _3 does not exist.

2.4.3 L. structure of MHSYM theory: MHS potential formula-
tion

First we display the Lo, structure of the MHSYM model where we use h,(z,u) as the
fundamental field. The steps in the analysis are analogous to the analysis of the ordinary
Yang-Mills theory. We will present the final result and then prove it.

The graded vector space is formed by three spaces of interest of fixed degree
e X, contains gauge parameters £(z,u), dege = 0.

e X_; contains fields h,(z,u), degh, = —1.

e X 5 contains equations of motion F,(z,u), deg F, = —2.

Spaces in other degrees are empty. We also define an inner product as an integral of the

Moyal product of factors over the master space.
(A, B) = /ddx du Az, u) * B(x, u) (2.127)
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The only non vanishing products, with Lorentz indices stated, are given by

01(£)q =0, (2.128)

01(h), =(068° — 0,0°)hy, (2.129)

Uy(e1,89) =ileg * 1] (2.130)

lay(e, h)o =ilhg % €] (2.131)
lo(h1,ho)a = — Z'<3b[h1b 5 o) + 0oy % 1)

+ [R" % Ophoa — Ouhay) + [B*" % Ophia — 8ah1b]) (2.132)

Uy(F,€)a =ile ¥ Fal (2.133)

U3(hy, ho, h)a = — [AY % [hoa % hip)] — [15 % [haa ¥ has]] — [BS ¥ [haa % hay]
— (B % [hia * )] = [BS * [hsa * hay]] = [BG % [hoo s hug]] (2.134)
Proof: identifying products

Most of the products can easily be determined by adapting the MHS expressions to (2.117],
2.124)). There are a few more that are identified through the L., identities. We start with

the gauge transformations and compare them to the general expressions.

Ocha =046 +ilhg * €] (2.135)

Suha =€) + Lafe, e — la(esh W) — 5Ll o+ (2.136)
We identify
U1(€)g = Oue, Lla(e h)g =ilha ¥ €], Llrsa(e,h,....;h)e =0. (2.137)
Equations of motion give us
Fao = Oaha — 05050+ (8°[he % ha] + [ % Oha — Oubi]) + [h° % [ha % )]

1 1
Fu=ta(h)a = 5la(hh)a = giba(hhh)a + - (2.138)

meaning

01(h)q = (O6° — 0,0")hy,  La(hyh)q = —2i(0°[hy * ha] + [h° * Opha — Oahy))
ls(h,h,h)y = —=3![R° * [ha * hy]],  Lliss(h,..,h) =0. (2.139)
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It is straightforward to check that the identified products furnish the correct expression

for the action

1 1 1
— /ddx d®u (%h * (0N — 9°0")hyy — Oghy % i[h* * hY] — i[ha * hy] * [h hb]>

From the products (2.139)), which are symmetric due to the fields being degh, = 1, and
multilinear by definition, we can extract the products with different field inputs. For

instance, in the case of n = 2, we have the identity
ly(hy + ha, hy + ho) = 205(hy, ho) + lo(hy, hy) + lo(ho, hs) (2.140)
so we find
I .
lo(h1, ha)e = — 3 20 (0°[h1p + hay * haa + haa) + [BY 4 hY 5 Obhia + Obhoa — Oahay — Oahas))
— Ohay % hua) + [BY % Ophia — Oahap] — 8°[hap ¥ hog] — [AS ¥ Oyhag — Oahay)
= — (0P s ha) 4+ Ol ) + [ % O — Dubias] + [} % Ouhna = D] )
(2.141)
In a similar manner, we can find the non-diagonal product
U3(ha, hoy hg)a = — [AY % [hog % hsp)] — [R5 % [haa * has]] — [BS * [haa § hay]
— [B5 % [h1a ¥ hapl] = [AY % [hsa % how]] — [R5 % [haa % )] (2.142)
The gauge algebra in our case is given by
[661? 662]ha :5i[51¢52}ha
=0z, ((1(22)a + la(€2, h)a) — 0=, (C1(E1)a + La(E1, 1)a)
- 62(€2a 561]7/)0, - £2(617 5€2h)a
= lo(e2,l1(e1) + la(er, h))a — La(e1, b1(e2) + La(ea, h))a

= —ly(l1(21),€2)a — l2(e1,01(€2))a + la(e2, la(e1, h))o — lo(e1, la(En, h))q
To identify the L., structure, we can use the n = 2 identity
O (ly(1, ) = Lo(ly (1), ) + (=) a(xq, 61 (22)) (2.143)
and obtain
Oierrea)Pa =04 (ile1 % €2]) + i[ha % ile1 ¥ £2]]

= — 61(62(81, 52))[1 + 62(62, 62(81, h))a — 62(81, 62(82, h))a . (2144)
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In a perturbative comparison in powers of h, we find

—61(62(51#52))(1 = aa (i[gl fe?]) :

(2.145)

Since l5(e1,€9) is an element of degree 0, we can use the rule ¢;(g), = 0,¢ to conclude

ly(e1,69) = —iley ¥ &9

(2.146)

At the linear order in h,, we can confirm the product rule (2.137) which now takes the

from
lo(e2,ba(e1, h))a = i[[ha % 1] ¥ €2
The gauge commutator enables us also through (2.120]) to identify

43(51,52; h) =0, £k>3(51;527 h, ..., h) =0

while the fact that our algebra closes off-shell implies through (2.121))

63(81,52, E) =0

Proof: verifying identities

We will organize the verification of (2.111)) by the number of inputs.

n=1 The identity to be checked is

00 () =0.

The only non-trivial identity to be checked is
01(01(€))q = £1(048) = (Ongy — 0,05)0° = 0.

which is satisfied.

n—2 The relevant identity is

Ci(la(21, m2)) = La(l1 (1), 02) + (=) la(21, b1 (22)) -

At input degree 0 we have

l1(la(e1,€2)) = La(li(e1), €2) + (=) la(er, li(e2))
—il1([e1 % €2])a = 2(0ac1, €2) + la(e1, Out2)

—10,[€1 ¥ €3] = l3(0a1,€2) + l2(£1, Ougn) .

35

(2.147)

(2.148)

(2.149)

(2.150)

(2.151)

(2.152)

(2.153)
(2.154)

(2.155)



We can use the map with inputs of degree 1 and 0
ly(h,€)q = i€ % hy (2.156)
to obtain that the identity is valid
—i[0q€1 ¥ €3] — i[e1 ¥ Ouga] = ileg ¥ Oue1] — iler ¥ Dua) . (2.157)
At input degree —1 we have

01(ly(h,€)) = Lo(Li(h),€)a + (=) a(h, L1(€)) (2.158)
Ml([8 T ha]) = 62(51(h), g)a - 62(}@7 8a€) : (2'159>

Since we have not yet identified the product of the type ¢5(E,e) where E € X _5,¢ € X,

we explicitly calculate the rest, and recognize it through this identity. The non-symmetric

version of {5 was reported above in (2.141)), so we have

(008 — 0,0°)[e * hy| = Lo(€1(R), )t (2.160)
z’(&b[hb 5 Oae] + O[Oy * ha] + (W0 5 By0u — Budye] + [0% * Dpha — 8ahb]) (2.161)

which can be reduced to

lo(€1(h),€)q =ile ¥ Dhgq — 0,0°hy) (2.162)
—ile ¥ 1(h)d). (2.163)

For that reason we define the product ¢, with inputs £ € X _5 and ¢ € X as
ly(E,e) =ile ¥ E| (2.164)

At input degree -2, we have a trivial equality, since the target vector space would be of

degree -3.

n—=3 The relevant identity is

0 =01 (3(z1, z2,23))
+l53(01 (1), 22, x3) + (=) Us(x1, (1(22), 73) + (—)(X1+X2)£3($1,132751(%3))

+lo(lo (21, 22), T3) + (—)XI(XQ+X3)£2(£2(II?2, x3), 1) + (—)(Xﬁxl)x?’@(gz(l’:s, 1), T2).
(2.165)
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At input degree 0 we have

0 =(1(l3(e1,2,€3))
+l5(l1 (1), €2,€3) + l3(e1, br(e2),€3) + 3(e1, €2, b1 (e3))
+£2(£2<€1, 62),83) + 62(62(52,63% 61) + €2(£2(€3,€1), 82) . (2166)

Because of (2.148|) the second line vanishes, and we find

41@3(51,52753)) = —52(42(51,52),53) - 52(52(52753),51) - 52(42(53,51),52)
= — fg(i[é‘g f 81],53) — gQ(i[&g f 62], 61) — Eg(i[él f 63],82)
=les ¥ [e2 v er]] +[e1 % [e3 T ea]] + [e2 % [e1 ¥ €3]]

=0 (2.167)

We can thus confirm that it is consistent to set f3(eq,€2,e3) = 0.

At input degree —1 we have

0 261(63(61, €9, h))a
+€3(€1(81), €9, h)a —+ (_)5163(81, 61(82), h)a -+ (—)51+52€3(€1, £9, gl(h))a

+€2(£2(€1, 62), hg)a + (—)61(82+h)£2(€2(82, h), El)a + (—)(82+81)h€2(€2(h, 51), 82)a . (2168)

The first line vanishes due to (2.148]), the second line vanishes due to (2.137)). We are left
with the third line

0 =ly(la(e1,€2), h3)a + la(la(ea, h),€1)a + La(a(h,e1),€2)a
=ly(ileg ¥ e1], h)q + lo(i[h % €3], 1) + La(iler ¥ R, €2),
= —[hg ¥ [e2 ¥ e1]] = [e1 % [ha ¥ 2]] — [e2 % [e1 % Dal]

=0 (2.169)

which vanishes by the virtue of the Moyal bracket satisfying the Jacobi identity.

At input degree —2 we have as inputs either 1,9, F or €1, h, h. The first option gives

O 261(63(51,52,.;'))
+€3(£1(€1),52,F> +€3(€1,£1(€2),F) +€3(51,€2,€1(F))
+€2(€2(51, 82),]:) + 62(62(52,]:),81) + 52(62(]:, 81), 52) . (2170)
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The first line vanishes due to (2.149), the third term in the second line vanishes due to
(2.149)), the third line vanishes again due to the Jacobi identity of the Moyal commutator

and we are left with
0263(61(81),82,.F) +£3(€1,€1(€2),JT") (2171)
The second possibility at degree —2 is
0 =01 (5(hq, ho,c3))
+03(01(h1), ho,e3) — l3(h1,£1(h2),€3) + L3(h1, he, l1(e3))
+£2(€2(h1, hg), 53) — fg(fz(hg, 83), hl) + 62(62(83, hl), hg) . (2172)
The first line vanishes due to (2.137), and we have
—53(h1, h2>€1(53)) 253(61@1), h2>53) - 53(h1,£1(h2)>53)
+£2(€2(h1, hg), 83) — gQ(fg(hQ, 53), h1) + 62(62(83, hl), hg) . (2173)
On the left hand side we will have due to (2.142))
—l3(h1, ha, D23)q =[hY % [haa ¥ Opes]] + [BS % [Ougs s hap)] + [0%3 % [hia ¥ ha)]
+ [BS % [haa * Oses]] + [1] % [Oags 3 hop)] + [0%€3 % [hoa * has]],  (2.174)
while the last three terms on the right hand side give
lo(lo(hy, ha),e3)q — la(ba(ha, €3), h)a + La(la(es, hi), ha)a =
=[e3 * Olhap * had]] + [e3 % O°lhap * haal] + [€3 % M2 % Ophaa — Ouhap)] + [£3 % [hS % Ophra — Ouhiuy]]
— <ab[[€3 % hap) ¥ hag) + 0°[hay % [e3 % hoal] 4 [[€3 3 R3] * Ophia — Ouhas] + [AY * Dyles % hoa] — Oales 3 h2b]]>

— (©lles s hu) s hoa] + 0oy [es ¥ ) + [l 1) 5 Dha — Dalis] + (A5 % Byles ¥ el = Bules * hus]])
(2.175)

Even though the procedure is tedious, we can confirm that these two expressions are

identical. Calculations can be facilitated by a computer [54]. We conclude
— U3(hy, ha, Oe3) = la(la(hy, ha),e3) — lo(la(ha, €3), h1) + la(la(es, h1), ha) (2.176)
which leads us to the version of the n = 3 identity as
0 =Cl3(l1(hy), he,e3) — l3(h1, l1(h2),€3) . (2.177)

Both with (2.171]), we see that it is consistent to set the products ¢3(e, h, E) = 0. Fur-

thermore, we set all {4 = 0.
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n—=4 With the products /4, = 0, the n = 4 identity becomes

0 = — Lo(La(w1, 09, x3), a) + (=) (Ug(w1, w2, 0a), w3) + (=) T2l (5, 51, 75, 24))
— (=)o (w1, b3(a, 23, 74)) + L3(la(w1, 22), w3, 24) + (=) 2330 (11, 23), T2, 4)
+ (=¥ b2t o (0 (21, 24), w2, 3) — L3(21, b (2, 3), T4) 4 (=) s (1, oo, T4), T3)
+ U3(x1, 2, bo(x3, 24)) (2.178)
The degree of the identity is equal to deg(¢2f3) = 1, which means that a nontrivial result
could be obtained for inputs of total degree —1 which is eceh, total degree —2 which are
eeeF, echh or total degree —3 which are eshF,chhh. Now, if we keep in mind that we
have realized the product /3 as being non-vanishing only for the input of hhh and since
deg ¢y = 0, each option but the last (input of type ehhh) is trivial. The identity to check
1s
Uo(€3(hy, ho, h3),e4) =l3(Ca(h1,€4), ho, hs) + l3(h1, la(ha, €4), h3) + €3(h, ha, lo(hs, €4))
=il3([eq ¥ ha], ha, hg) + ils(hy, [e4 T ha], hs) + ils(hy, ha, [e4 T h3))
=il3([eq ¥ hy], ha, hg) + ils([e4 * hol, ha, h3) + ils([e4 * ha], by, ho) .
(2.179)
We simply find the left hand side as
ilea s C(hns oy ha)la = —ilea s [ % [hoo 5 hasl]] — ilea 3 (B3 % [haa 3 Pus]]] = ilea 3 [R5 % [haa ¥ oy
—ilea ¥ [hG % [haa % hapl)] — ilea 5 [1] % [hsa * hay)]) — ilea % (RS ¥ [hoa ¥ hus]]
(2.180)
while the right hand side gives us more work, but is straightforward
Ca(leas bl hayhg)a = — [lea s hal” % [hoa % hanl] — [15 5 [haa ¥ [ea % Ba]]] — [ % [[ea ¥ e 5 Pios]]

— [1% % [[ea ¥ haa) * hap) — [[ea ¥ BY] % [hsa % haw)] — [BS % [hoa ¥ [£4 % hap]]]
(2.181)

l3([ea % haly by ha)o = — [[ea ¥ BS) % [haa ¥ hap)] — [BS % [Raa 3 [ea % hapl]] — [BS % [[€4 5 haa) § has]]
— [AY % [lea % haa) % hap]] — [[e4 5 B3] % [hsa 3 hasl] — [R% % [hia ¥ [E4 % hav)]]
(2.182)

ls([e4 % 3], hay ho)a = — [[ea * BS] % [haa * ha)] — [B2 % [hoa % [64 % hao)]] — [BS % [[e4 % hsa) * Ps]]

— [hY % [[ea % haal + hapl) — [[ea ¥ BE] % [hoa s hup)] — [BS % [hia ¥ (€4 § hapl]] -
(2.183)
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Again, though the calculation is tedious, it is straightforward and can be assisted by a

computer. The identity (2.179)) is satisfied.

n=>5 The identity with 5 inputs is schematically
6185 + 6264 + 6363 - O . (2184)

We set all ¢;>4 = 0, so the only thing to check in this identity is the combination of
{3 products. However, the ¢3 is only non-vanishing for inputs of degree —1, in which
case degl3(h,h,h) = —2. This becomes an input to the second ¢3 and gives a zero by

definition, so the identity is satisfied.

n>6 The identities with 6 inputs will exclusively always have a product with more than
3 inputs, which are all 0 by definition.
We conclude that the MHSYM theory is an instance of the L., algebra with the only

non-vanishing products given by ([2.128)-(2.134]).

2.4.4 L., structure of MHSYM theory: MHS covariant approach

In the covariant approach, we use the MHS vielbein as the fundamental field. The desig-

nation of elements to graded vector spaces is
e X, contains gauge parameters &(z,u), dege = 0.
e X _; contains fields e,(z,u), dege, = —1.
e X_, contains equations of motion F,(x,u), deg F, = —2.

The L., structure is now simpler, with the only non-vanishing products being

Uy(e1,62) =ilen * &) (2.185)
ly(e,e), =ileq * €] (2.186)
U(F,e) =ile ¥ Fol (2.187)

Uy(ers ez, e)a = — [e] ¥ [eaa T em]] = [e3 ¥ [eaa ¥ €] — [e3 ¥ [era ¥ eay)]
—lex ¥ fera ¥ eml] = [e] ¥ esa ¥ eml] = [e5 ¥ e2a ¥ ens]] (2.188)
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Proof: identifying products

The gauge transformations are

dcq = ileq, €]

so we read out
l(e)g =0, Uy(e,e)y =ileq, €], Lli2(c,e,e,...)a =0.
The commutator of gauge transformations is

[561582 - 522551]6a = 5@'[51f52]€a
= 52(51, 52(52, 6))a - f2(52, 52(51, 6))a

= 5@2(62,61)€a

and we find

Equations of motion are

So we have

li(e)g =0, lae,e)e =0, Ls(e e e), = 3![eb *lep ¥ eq] -

The non-diagonal version of /3 is

ls(eq, e2,€3), :[elf ¥ e ¥ esa)] + [63 ¥ lesy ¥ e1q]] + [eg * e ¥ €]

+[63 *lew ¥ esad]] + [elf ¥ lesy ¥ eaq]] + [613), ¥ leap ¥ e1a]] -

We set all {3 =0

Proof: verifying identities

n=1

which is identically true since all /; = 0

n—2
Ci(la(x1, m2)) = Lo(li (1), 72) + (=) la(21, l1(2))

The identity is trivially satisfied, again since ¢; = 0.
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(2.189)

(2.190)

(2.191)
(2.192)

(2.193)

(2.194)

(2.195)

(2.196)

(2.197)

(2.198)

(2.199)

(2.200)



n—3
0 261(63(1‘1,1‘2,373))
+03(01 (1), g, 23) 4+ (=) s(w1, b1 (22), 23) 4+ (=)D, 29, 4 (25))

+lo(lo(21, T), 3) + (=) O 0y 0y (29, 3), 1) + (=) 230y (0o (23, 71), 7o)

(2.201)
At input degree 0 we find the Jacobi identity of the Moyal bracket
0 =l (la(e1,€2),€3) + La(la(ez,€3),€1) + La(la(es, €1), €2)
=—[ez[ex, v er]] —[e1 7 [e3, 7 €2]] — [e2 7 [e1, ¥ €3]]
=0. (2.202)

At input degree —1 with inputs ;653 we find again the Jacobi identity of the Moyal
bracket

0 =/la(la(e1,€2),€3)a + l2(la(ea,€3),1)0 + l2(la(es,€1),€2)a
= —[esa 3 e, 7 €1]] — [1 % [e3a, % €2]] — [e2 ¥ [€1, % €34]]
~0. (2.203)
At input degree —2 with inputs €1, eg, €3
0 =ly(la(e1, €2), €3) + Lo(la(ea, €3),€1) — La(la(es, €1), €2)
=0 (2.204)

since all l5(e, e) with e € X_; are 0.

At input degree —2 with inputs €1, &9, F3
0 262(62(61, 52), fg) + fg(ég(fg, ./—"3), 81) + 62(62(.73, 51), 62) . (2.205)
This identity will be satisfied if we choose the product

(e, F)o = i[Fay s €] (2.206)

n—=4 With all /;,-3 = 0 we have

0 = — lo(Cs(x1, T2, T3), 4) + (=)o (ls(21, T2, 24), 3) + (=) T2y (2, by (71, T3, 74))
— (=) Uy (21, l3(2, T3, 74)) + L3 (Ca(21, 2), T3, T4) + (=) T2 (0o (21, 3), To, 74)
+ (—)X4(X2+X3)€3(f2($1, T4), T2, T3) — l3(21, la(T2, T3), T4) + (=) ¥ Us (21, lo(22, T4), 3)

+ l3(21, T2, lo(T3, 24)) (2.207)
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The degree of the identity is 1, so the input degrees can be —1,—2, —3. However, again,
notice that while ¢5 does not change degree, the only possibility where /3 is non vanishing is

at inputs ey, es, e3, which means there is a single non-trivial check with inputs ey, e, €3, £4.

= - 52(53(61, €2, 63), €4 52( (61, 62754), 63) + €2(€2,£3(€1, €3, 54))

)+

+ lo(eq, l3(ea, e3,24)) + l3(la(eq, €2), €3,64) + l3(la(e1, €3), €2,64)
+ l3(la(e1,€4), €2, €3) — l3(e1, la(ea, €3),64) + l3(eq, la(e2,€4), €3)
+ l5(eq1, ea, la(es,€4)) - (2.208)

After removing the vanishing products, we are left with
Uy(ls(eq, e9,e3),€4) =l3(la(e1,€4), €2,€3) + l3(€1, la(e,€4), €3) + U3(e1, €2, l2(e3,€4)) -
(2.209)

The left hand side is

lo(l3(er, ea,e3),64)a =i[es * [} * [eap * esal]] +ilea %[5 % [e3p * e1a]]] + ilea ¥ [€5 % [e1n * €2d]]]
+iles t (e ¥ Jews ¥ esal]] +ilea ¥ €] % [esp ¥ eaal]] + ilea ¥ [€) % [ew ¥ erd]]],

(2.210)

while on the right hand side we have

l3(la(e1,84), €2, €3)0 =[ilea ¥ €8] % [ean ¥ esal] + [€5 % [ean % [e4 % €1al]] + [€5 3 [[e4 * 1] * €24]]

+leb % [[ea * 1] * ezal] + [[ea * €8] % [ean * eaa)] + [€5 * [e2s % [€4 ¥ €1d]]]

(2.211)

U3(ly(eg,e4),€1,€3)0 =iles * eg] ¥ lew ¥ esal] + [elf “lesy ¥ [e4 % e2d)]] + [e?, *lea s e ¥ e1q]]

+[eh ¥ [[ea * eap) * €3a]] + [[ea ¥ €8] * [es % €1a]] + [e% *lew ¥ [ea ¥ ead]]

(2.212)

l3(0a(e3,€4), €1, €2)a =[i[es ¥ €3]” * [e1n ¥ €aa]] + [€] 3 [ean % [e4 3 €3al]] + [€5 ¥ [[e4 % €38] * €14)]

+[e} 7 [lea ¥ ese] ¥ eaal] + [[ea 5 €8] % [ean ¥ exa]] 4 [€5 % [e1n ¥ [e4 + esa]]] -

(2.213)

With a bit of help from a computer, facilitated by the fact that the Moyal product is

associative, we can see that this identity is also satisfied.
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n=5 Again, we have a similar conclusion that only the terms of the type ¢3¢3 could be
non-trivial. However, (3 are non-vanishing only for inputs eq, es, e3, but since l3(eq, €2, €5) €

X _ 5, and any /3 with an input from X _5 is vanishing, the identity holds trivially.

n>6 All identities will always contain terms which all have at least an ¢4 which is 0.
These identities are thus trivially satisfied.

We confirm the conclusions of the calculation above, the MHSYM theory is described
by an L., structure. The covariant formulation allows for a simpler presentation of the
L., products, thus also the identities are easier to check. Though the formulations are
equivalent in case of a Minkowski background e, = u, + h,, the covariant formulation
is more general and allows for different backgrounds. This is an important point to
bear in mind for future work. As we have seen, the different phases of the theory are
gauge inequivalent, and it would be expected that they are described by a different L.,
structure. Here we found the L., structure of the most general formulation, and it might

prove interesting to find morphisms between L., algebras of the various formulations.
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Chapter 3

A unitary representation of the Lorentz

group on Hermite functions

For the purposes of the expansion in chapter [l we would like to represent the Lorentz
group on the space of square integrable functions in 4 dimensions L?(R?*) (generalization
to an arbitrary number of dimensions is straightforward). We start with a reminder on
representing groups on spaces of functions and outline the method we used to construct the
representation. Afterwards, we specialize to 4 dimensions with Hermite functions forming
the basis of the representation space. We provide explicit representation matrices for
finite boosts in particular directions and rotations around a particular axis. From the
finite case, we find the generators of the Lorentz Lie algebra. Finally, we discuss a basis
for the vector space of Hermite functions diagonal in the rotation operator around the z
axis.

The defining representation of the Lorentz group are matrices A*, used to perform a

continuous linear transformation on coordinate components
zt — ot = A (3.1)
such that the sum 7, 2#2" is preserved, with 7,, the metric of Minkowski spacetime
AN g1y = Nag- (3.2)

The matrices A are finite dimensional (their dimension being determined by the dimension

of the Minkowski spacetime), but they are not unitary, instead satisfying the condition

(3.2) above.
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We choose multi-dimensional Hermite functions to be the basis of the representation
space. Since the group of rotations is a subgroup of the Lorentz group, the proposed
method can be also used to represent SO(3) on the space of L?(R3), or generalized to
representing SO(d) on L?(R?) spanned by Hermite functions. By choosing an inner prod-
uct, the representation space can be made into a Hilbert space, and by construction the

representation matrices will be unitary.

3.1 Representing a group on a function space

Let a group G be represented on R? by linear operators p(g) as
r—=a =plg) x (3.3)

with the central dot representing matrix multiplication. When acting on the coordinate
components z, we will omit writing p(g) and simply write g. A group is represented on

the space of functions on R? as
h(z) — KW (z) = h(g 'z) (3.4)
since for g3 = g3 0 g1 we have
h'(w) = (g3 'w) = Mgy gy ') = hlgs ). (3.5)

Let us choose a complete orthonormal real basis of functions fy(x) which will span L?(R?).
The capital letter indices can be multi-valued, making this exposition general. We will
spell them out for the particular choice of Hermite functions in the next section. The

orthonormality and completeness conditions are given by
/ d'z fu (@) fu(@) = onar, Y (@) fa(y) = 6@z —y). (3.6)
N
We can now expand h(x), an arbitrary element of L?(R¢) in the chosen basis as
h(z) =Y WY fx(z). (3.7)
N

This type of an expansion can now be used to relate the components A" of the original
function to the components of A’ of a transformed function, since there are two ways of

expanding a transformed function #/(z) = h(g~'z).

W)=Y W fxlg ') =Y W™ fulx) (3.8)

N M
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We can multiply (3.8) with fx(z), and integrate over the whole space.

S [ e e fula™n) = S [ e ) o (39

M
Due to the orthogonality of the basis functions (3.6), we can conclude that the new

components A'M are linearly related to the old components h'¥ as

= ([ it ) (3.10
N
and thus define a representation of G denoted by
D¥(9) = [ da fua)ntg a). (3.11)

The transformation between function components can now be written as
M= ST DY () (3.12)
N

The constructed matrices DY (g) are real since the choice of the basis functions fy(z)
was real. The procedure can be generalized to complex valued functions.
It is easy to see that the matrices DY form a representation of the group G, since for

g3 = go © g1 we have

W'(x) =N (g5 'x) = higr g5 ') = h(gz 'x) (3.13)
— Z RN fa () (3.14)

="M far(gyte) = > DM (g0)h" far(gs ') (3.15)
=Y Di(gs)h" fx(x). (3.16)

Again, due to the orthogonality of the basis functions, we can conclude

1 =3 i) ([ do fetootor'a) ) 1* - 3Dk 7

meaning that the composition is respected
Di(g3) ZDM ) D (91) - (3.18)

To prove unitarity, we can use equation (3.11) and see that the representation matrices

enable us to relate transformed and non-transformed basis functions as
=> DN(9)fulx). (3.19)
M
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This expression makes it easy to prove that for the rotation group and the Lorentz group,

the constructed representation is unitary. The following two integrals are equal in value

/ d fr(g ' 2) far(g ') = / 0y f(y) Far(y) = Sxas (3.20)

because under the change of variables y = g~ the Jacobian is equal to unity. Applying
the transformation ((3.19) we get

/dfo(g x) far(g™ ) ZD‘]DK/dfo ZDJD‘] (3.21)

TV
d0IK

Meaning that the (real) representation matrices D! (g) are unitary.
> DD, => (D")) D7, = dnu - (3.22)
7 J

It is important to note that one of the first constructions of a unitary infinite-dimensional
representations of the Lorentz group was done by Dirac in 1944. [55]. The representation
space was a suitably defined space of infinite sums of polynomials of a real variable with

the coefficients in sums named "expansors".

3.2 Representation of the Lorentz group on L?(RY)

3.2.1 Hermite functions and the generating integral

A good basis for the Hilbert space L?(R*) are multi-dimensional Hermite functions defined
below. Partial results for the representation matrices of the Lorentz group on Hermite
functions were obtained by Ruiz [56] and generalized by Rotbart [57] in the context of
finding boosted eigenfunctions of a relativistic quantum harmonic oscillator. Their results
cover the case of one-dimensional boosts. The main idea we take from their calculations is
to focus on generating functions and find the sought-for result in the subsequent expansion.
Our method is more general and enables us to calculate the representation matrices for
arbitrary elements of the Lorentz group.
H,(z) are the (physicists’) Hermite polynomials
2 d" 2

H,(z) = (=1)"e" %e_x : (3.23)

where the index n can attain arbitrary non-negative integer values. Hermite functions are
defined as
fo(r) = —=e"7 H,(2). (3.24)



Most importantly, they are orthonormal on the whole real line

/(m)dxj;(x)fm(x)::anm. (3.25)

[e.9]

The completeness identity for Hermite function is given as

}:h Faly) =6z — ). (3.26)
We define a multi-dimensional Hermite function as a product

fn0n1n2n3 (t7 x’ y? Z) = fno (t)fnl (I)fTLQ (y)fnS (Z) = fN(CC) ) (327)

where we have defined a multi-index notation, N = {ngninaong}. To calculate the repre-

sentation matrices, as seen above in (3.11]), we need the result to the integral

D;’Z%l;g}gﬂa (A) = /d4m Jmomymams (x)fnonlmng (A_lx) . (3.28)

A direct calculation of the above integral is a hard problem, but we can use an alternative
route and find the result in the following way. The generating function for Hermite

polynomials is given by

0 1
2xq1—q7] __ 4
o200~ Z H,, ( >m1! (3.29)
mi1=0
Multiplying it by e=**/2, we define the generating function for Hermite functions
S o4
Ei(z,q) = eon—ti-2"/2 = ZO leml_l! fony (2) (3.30)
mi=

where c,,, = (2™my!y/7)/2. We can easily generalize the new generating function to 4

dimensions
E(l’, Q) = EO(t7 QO)EI (l’, Q1)E2(y7 q2)E3(Za 93) . (331)

Next, we multiply two generating functions , integrate the product, and expand it
in the generating variables in the following way:

/d4x E(z,q)E(A'z,p) Z ZCMCNM' N /d4x v (@) fn(A 1) (3.32)

M=0 N=0

where N, M are multi indices standing for N = {ng, ny,ne,n3}, M = {mg, my, mq, ms}.
The coefficients on the right hand side of provide exactly the transformation ma-
trices . It will be shown below that the integral on the left hand side of is
relatively easily obtainable for any Lorentz transformation. In |56, 57] they have employed

light-cone coordinates and evaluated this integral for the case of one-dimensional boosts.
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3.2.2 Generating integral for an arbitrary Lorentz transformation

The idea is to rewrite the integral (3.32)) in the general 4-dimensional case for any Lorentz
transformation in the form of a Gaussian integral. To proceed in a compact fashion, we

introduce auxiliary variables

P = (=po.p1,p2.03), ¢" = (—qo,q1,92,93), n'=(1,0,0,0). (3.33)

Even though they are written in a 4-vector form, by our demand, they do not change

under Lorentz transformations. Their sole purpose is to be a placeholder, and enable

4-vector notationH7 through which we can rewrite the integral in a matrix form.
For the 4-dimensional case, we write the generating function for the Hermite

functions as

E(z,q) = exp [quq“ — " — 2 (nug")’ — % (zpat 42 (nux“)z))} : (3.34)
We repeat for some transformed variables 2’ = A~tx

E(z',p) = exp {23:;]9" —pupt —2 (nup“)2 - % (a:iba:"‘ +2 (nux'“)Q))] . (3.35)

After a careful rearranging of the terms, the integral (3.32)) can be rewritten as

1
/d4x E(z,q)E(z',p) = /d4x exp[—éxaAang + Jox% + (] (3.36)
with
Aaﬁ = 2’)7(15 -+ Q(A_l)oa(A_l)oﬂ + QnQnﬂ (337)
Jo = 20" (A v + 24" N (3.38)
C =—qu¢" — 2 (nud")* — pup" — 2 (nup")* . (3.39)

The result of the integral can now easily be obtained since it is of the Gaussian form (see

e.g. ch. 9in [58])

1,007 = [ d's By(w.0) Eale'.p) (3.40)
(2m)? Lo a-1108 7 | (@t +pR 13
= exp |=Jo AT Jg| e~ 0T e TPyt v3) (3.41)
Vvdet A 2

We notice that the matrix A,s contains only the Oth rows of the Lorentz transformation

matrix, where we find only information about boosts, i.e. the matrix A,z is insensitive

leg. t2 + 22 +y? + 2% = z 2t + 2(n,2")?
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to the rotation part of the Lorentz group. For that reason, only inside A,g, we can use

an explicit expression for the inverse of Lorentz boosts

gl —vs/c —yvy/c —yv:/c
v2 () VU,
» /e 1+(r =15 (=175 (-1 3
(A7) = vyvm vy vy,
/e (v=1)—% 1+(O-1)—5 O-1)—%
v? v? v 2
/UZ/UJ? z
/e (V=13 (7—1) 2 1+ (y —1)—2
This enables us to explicitly write down A,g.
1 — Uy —y —,
2, 1
A 272 —Vy Ui+ 3 Vg Uy Vg Uy
—y (M vs + % VUyUy
—V, VLU, vu, Vi v%

The determinant of A,g is given by det A = 16+2, while the inverse is

o o v nf

o wf&

O N

<

?2
0
0

1
2

We can also explicitly write down the inverse of A,z as

Afl af __
[ AT =3 o
To shorten the formulas, define

708 = L

4~2

The generating integral (3.40)) is now given by

2

— T v — — fe% - -
I(p,g, A7") = e [20"D" (A" uo(A™ ) o + Z*P (A1) s (A ) 1a

x exp [2¢"¢" Z,..]

X exp [Qp”q” ((Afl)w, + 2(A N ony + Zaw (A7)

1 1
7,]046 + nanﬁ 4+ ((Afl)()a(Afl)O,B .

- ((A—1>Oa<A—1)OB _

(A—l)aO(A—l)BO)

(Afl)ao(/\fl)ﬁo)

- nu”l’)}

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

1t Zua (A1),
(3.47)

The formula (3.47) is the first important result of this chapter. It is possible to extract

from this integral a transformation matrix for an arbitrary Lorentz transformation. For

51



the intelligibility of expressions, we will provide formulas for boosts and rotations sepa-
rately.

A nice consistency check is to calculate I(p,q, A=') for the case of one-dimensional
boosts, eg. v* = v # 0 while v¥ = v* = 0. That case was covered by [57] in their formula

(10). To get a two-dimensional result we can set.

P = (=po,p1,0,0), ¢" = (—qo,u,0,0). (3.48)

The integral
I(p,q,v) = 72V1 — v2exp | —2pop1v + 2q0q10 + 2pogoV' 1 — v2 + 2p1u V1 — 112] (3.49)

agrees completely with [57] after appropriate identifications.

3.2.3 Extracting the representation matrices

From the expression (3.32)) we can see that to extract the representation matrices, we will

have to expand I(q,p, A~!) in powers of p and g.

(g A1) = pN M [NTMI(p, g, A7)
b4 N N! M! opNOogM
M

(3.50)

N p=q=0

The multi index notation was defined aboveﬂ The representation matrices are then given

by

ONTMI(p,q, A7)

DlltI/I(A) =CMCN OpNOgM

(3.53)

p=q=0
where the ¢y are multi-dimensional normalization constants defined through generalizing
(13.24])).

An alternative calculation to performing the partial derivatives starts by noticing that

2

2
1y T et lzl 1y
I(p7q7A )_ 76 - ’Y - rlf(pv(ZaA ) . (354)

2To be precise, we report the formula (3.50) with all the indices spelled out

o0 no ,.ni1 , Nz , N3 Mg M1 M M3
I(p,g, A7") = D BB R D N B b, (3.51)
Tip: M1t N2t N3t Mo: M1t Mot M3t
{n},{m}=0

ono +ni+ne2t+nst+mot+mi+mat+ms
I
{0173“81??182932 Opy? g™ Dqy™ Ogs? Dy

(.4, Al)} (3.52)

p=g=0
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To get DNF(A) we can write down an expression for f(p, ¢, \)", identify the term containing
pNgM and multiply with appropriate constants. There is always a unique r for a certain

combination of M, N.

3.2.4 Representation matrices for boosts

For a boost in a single direction (e.g. x) with velocity v, we find the same result as in [57]
but generalized to 4 dimensions

2
I(p,q,v) = 7 exp |2(qoq1 — pop1)v + 2(pogo + P1q1) V1 — 02 + 2paga + 2]93%] . (3.55)

Following the procedure explained in the previous paragraph, we can identify the coef-
ficients in the expansion over p and ¢g. The transformation matrices for boosts in the =

direction are given by

Ina!
Dromamsms (4,4 — §=motmitmatmg gms gms mino:
non1N2N3 —ng+ni+n2+ng ne “ng i |
1:Myo-
mo ‘
S () (Y T i,
. e — i
—o \J 1—J
(3.56)
We can easily also find particular cases for boosts in y and z directions
Ina!
momimsms (UA) = - motmitmatms gm gms M2 Mo
nonin2ng Y) = O—ngtnitnatns  Ony Ong 1 |
No!iMmy:
SV n 1-2;
0 2 na—ma+j gmetmotl=2) o, . 1n,
E ( j ) <m2 - j) (—1) V1-—w v (3.57)
J=0
Ina!
promimsms (vé) = §Tmotmaitmatmsg gmy gmo 3o
noninans — Y—no+ni+n2+ns n1 Yng ng'mol

mo ]
S (M) (v s 5
, J m3—]

J=0

The matrices are unitary by construction, and they are infinite dimensional as
each index n, m ranges from 0 to oco. The number N = —ng + n; + ny + ng is invariant,
and can be used to reduce the matrices into sectors labeled by N. It is however easy to
see that each such sector is in itself infinite dimensional; there is an infinite number of

ways to combine one negative and three positive integers and obtain the same N. For
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example, consider a function fyooo(z), and boost it in the = direction. We can apply the

transformation rule (3.19))

f(l)OOO( ) fOOOO Z Z Z Z D%%lmsmS )fm0m1m2m3<17> (359)

mop=0 m1=0 m2=0 m3=0

=v1-— v? i i 5rnrzévm1fmom100 (360)

mo=0 m1=0

=V1—v? (foooo + 0 fr100 + v fazoo + - - ) (3.61)

and find a truly infinite sum on the right hand side. As a curiosity we note that this

particular example has an interesting relation to the Mehler’s formula [59]. We rewrite
Foooo(A™1a) = fo(y) fo(2)V1 =02 Y 0" fo() fol1) (3.62)
n=0

and now recognize on the right hand side

o0

. _ 1 l—v(x+t)? 1+4v(x—1t)>
;v fo(x)fo(t)—mexp(—l+v R P )

We emphasize again that our method defines a homomorphism from any Lorentz

(3.63)

transformation matrix A to the representation DXI(A). In the general case of a boost

parametrized by ¥ = (v, v,,v,), the integral (3.32) gives

I =7%/1—exp

2(190% V1 — 0% — pop1vy — Pop2vy — PoP3V: + Q0q1Vz + GoG2Vy + G0q3V-

'U2 + 'Ug + 'U?: 1 — 'l_JQ (V) VgV,
+p1g1—~ = — D1Go y(l_V1—172)—p1Q3 = (1—-+vV1-1?)
V2 + 02 4+ 21— 2 vyvz

VU

—P2q1 Uzy(l—\/l—ﬁg)-f—pzth 1_),23/ — P2qs (1—\/1—172)
Vs VU, Ux—l—'u + v2V/1 — 2

—p3Q1172(1_ 1_772)—]93(12%2(1—\/1—?72)-1-173% Y = )]

(3.64)

from which it is possible to extract the representation matrix DN(A) through the same
procedure as above. The explicit expressions in the general case are somewhat more

complicated.

3.2.5 Representation matrices for rotations

In the case of pure rotations without boosts, we use (A™'),, = (R),, with Ry =

—1, Ry = Rio = 0, R;; # 0, where R;; is an orthogonal rotation matrix. The integral
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(3.32) attains a very simple form
I = 7% exp [2poqo) exp [ijRjqu} : (3.65)

Through the same procedure as above, we can write down a general representation matrix

for an arbitrary spatial rotation in 3+1 dimensions

[ nitna+ng k1 nodnz kg

| | |
Dmom1m2m3<R> 5~ m0+m1+m2+m35m0 \/nl'n2‘n3 my: m2 m3
noninNang —no+ni+nz2+ns no (TL +no+n
1 2 3) E1=0 ko=0 ks=0 ks=0

O G
,1{51 ]{32 TLQ—an k?4 k5 ns

% ng m2+m3+n2+2n3—k‘1—k4
m2+m3+n2—|—2n3—k1—k¢4 m3+n2—|—2n3

n1+no+ng—k1 pki—ka pka—na2—n3 pnotng—ka
R Rl gk Ry

—ks pk kl+ko—ks+k —ko—k 2
XR 5R 5— TLSR +ko—ka+ 5+M2R33 2—ks+m3+n2+2n3 . (366)

For clarity and further uses in different chapters, we provide the representation matrices

for rotations of angle # around the z,y and z axes separately.

1115 117112
momimams (9 ) =g~ Motmitmatms gmo gma 1131 Mg %

neni1nN2n3 —no+ni1+nz2+ns3 no “ni n2|

n2 __1\ma—k
Z (7]22) ( ( 1) (COS 9)2k+m3—n2 (sin 9)n2+m2—2k

P mg—n2+k)!(m2—k)!

(3.67)

| ! |
pmomimaims (9?/) =0 mo+m1+ﬂw+m35m05m2 (ORUEROE «

nEN1N2N3 —no+ni+nz+n3 ne N2 n3|

n3 -1 m3—k
Z (nB) ( ( ) (COS 9)2k+m1—n3 (sin 0)n3+m3—2k’

om0 k mq —n3+k)‘(m3—k)'

(3.68)

| | |
mom1m2m3<0 ) =5~ m0+m1+m2+m35m05m3 n2'ml-m2-x

nenN1N2N3 —no+ni1+n2+ns n1|

n1 -1 mi1—k
Z (nl) ( ( ) ' (COS 9)2k+m2—n1 (sin 9)n1+m1—2k )

om0 k mg—nl—l—k)!(ml—k).

(3.69)

Note that one can easily constrain the representation matrix (3.69)) to cover only rotations
of Hermite functions on a Euclidean plane by setting my = ny = mz = nz = 0, and thus

obtain a representation of SO(2).
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The matrices are also infinite dimensional, but for spatial rotations, due
to the global factor of ¢, we find a non-negative invariant number n = n; + ny + ns.
This makes it obvious that the rotation matrices can be reduced to sectors labeled by n,
which are finite dimensional in themselves, as there is only a finite number of ways to sum

ni,ns, N3 into a non-negative number.

3.2.6 SO(d)

Since the result of the integral is written in a way not dependent on the dimension
of space, it can be used to represent rotations of any d—dimensional Euclidean space, after
setting po = go = 0. An arbitrary element of SO(3) is given by with mg = ng =0,
while an arbitrary element of SO(2) is covered by with mg = ng = ms = n3 = 0.

The representation matrices in the case of a general dimension d are given by

lij41
mq!l..my! i o
mi..mq __ smi+..+mg 1 d* 1d 1,741 lijr1—1ij
Dyma — gt [T, T R, (3.70)
ni:...ng: Lizo ij
17—

D
Z(li,jﬂ —ly) = my, L =0, ligp1=mn (3.71)

i=1

with

where R;; is an element of SO(d) in the fundamental representation.

3.3 Lorentz Lie algebra in d=4

To find the generators for the Lie algebra, we use the convention

D = exp(K1) (3.72)
which gives, symbolically
oD
= — . 3.73
O ly=0 (3.73)

Since by construction the matrices D were unitary, the generators will be antisymmetric
K'=-K. (3.74)

In the case of boosts, rapidity 1) = tanh™'(v) is the canonical coordinate for any one-

parameter subgroup of boosts in a particular direction of the Lorentz Lie group [60].
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Written out for the 4-dimensional case, the three generators of boosts are

Kapuamamans — gootmema g (57 /(ng + D(n + 1) = 0ty y/img) - (3.75)
Koromimams — §=imodmatmatims g g (5;’;11\/(710 +1)(ne +1) — 5,’?22_1,/712710) (3.76)

Kymomimams 5:%0;%??,;2?;7”35&1 o (62;3;1 \/(no +1)(ng+1) — 5;?;1\/713%) (3.77)

The three rotation generators, obtained with the same convention D = exp(.J#), are

momimams __ §—mo+mi+ma+msz §m1 $mo m2 / _ sm2

Jlnon1n2n3 - 5—n0+n1+n2+n3 57’L1 5’rl() (571,271 n2<n3 + ]‘) 5n2+1 (n2 + ]‘)n3> (378)
momimama __ $—mo+mi+ma+m3 {ma $mo ms3 / _ sm3

J2non1n2n3 - 6—n0+n1+n2+n3 5712 5710 ( ng—1 n3(n1 + 1) nz+1 (n3 + ].)TLl) (379)

Jopmemamans — §Ztmtna g (7 /m(ng + 1) = 5t/ + nz) - (3.80)
The Lie algebra satisfies the expected productsﬂ

[Ji7 Jj] = Eiijk
(i, K] = €, K (3.82)
[Ki7 Kj] = _eijkjk-

This representation of the Lorentz algebra is not irreducible, and it is a non-trivial problem
to reduce it completely. We already noted one level of reducibility, which comes from
fixing the number N = —ng + n; + ny + n3. We leave open the question of reducing the
representation further.

For future reference, we note the values of the Casimir operators of the Lorentz group
SO(1,3) and the rotation group SO(3). There are two Casimir elements of the Lorentz

group, both are quadratic

1 = —
o = MMM, = (J2 - K2> (3.83)
1 — —
Cy = —gﬁw,po-M'uVMpU =J K. (384)

3 A more often used convention for the exponential map from the Lie algebra to the Lie group elements

is D = e~/ which gives the familiar products

(i, Jj] = deijn
[Ji, K| = i€ Ky (3.81)

(K, K] = —ieijiJi
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In the representation defined above, they becomeﬂ
cMomimams. _ §— mo+m1+m2+m3><

Inoninans —no+ni1+na+ns

( gm0 g gma gma g

no "ni1 "n2 N3

+0p 0t 90 3+2\/ ny — D)na(ng + 1)(n3 + 2)

5m05m15m2 6m3 2\/ Mo —|— 1 %) + 2)(”3 — 1)7’L3

ng “ni1 “n2+2-ng—

AT/ D T 7 2)

+4,0

Ot 25m25;r;?3rz\/ ng + 1)(ng +2)(n1 — 1)y
+5n0 n1 -2 n2+25md\/

( )
( )
( )
( )
( )
OO 5O a0/ (1 + 1) (11 + 2)(ng — 1)ng
( )
( )
( )
( )
( )
( )

ny — )ny(ne + 1)(ng + 2)

OO o 2521225223\/ 1o — no(mr — 1)

000 S 6268 N/ (ng + 1) (no + 2) (1 + 1) (ng + 2)

60,062 678N/ (ng — 1)no(na — 1)na

O a0t Oz o0/ (g + 1) (ng + 2)(ng + 1) (ny + 2)
FOI0 L6265/ (ng — 1)ng(ng — 1)ns

no—2-n1 ns

+670 6™ 5267 o/ (no + 1) (no + 2) (s + 1) (n3 + 2)) (3.85)
with

ay = —3(n1 +ng +ns3) — 2(nyng + nong + ngny + nong + nong +nong) — 3(1+ng) . (3.86)

“Note that the overall factor §_/°/ "1 * ™27 is redundant in the expressions for the Casimir oper-
ators, as this factor’s information is already contained in the product of the Kronecker delta’s in each

term in the bracket.
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The second Casimir operator vanishes

momimams _ §-— mo+m1+ma+ms3 <
nen1n2n3 —np+ni+nz2+ns3

mo mi m2 ms3
<_ no—1%n1—1 n2+15n3—1\/n0n1(n2 + 1)?”63

om0 10101 v/ (no + 1) (na + 1) (n2 + 1)ng

C2

mo mi mo ms
FOO O 6200 v/ ngnna(ng + 1)

0o 10m 4 10ms 10041 V(o + 1)(ny + 1)na(ng + 1)

—omo o2 52?3#1617{1 1\/n0n2(n3+1)n1

no—1"n2—1

om0 0na o1y (no + 1) (n2 + 1) (n5 + 1)my

ng+1vn1—

m3  $mi
HOO O 60 v/ nonang(ng + 1)

— 80, 62 1 6ms 10/ (o + 1) (ng + D)ng(ng + 1)

—omo o (5:;111 g — 1\/%0713 n1 + 1)

no—1"nz—1

Oy 101 O 1OV (0 + 1) (g + 1) (1 + D)

ms mi
+5no 1¥n3—1%%n1—1 n2+1\/n0n3n1 n2 + 1)

5?%%151%115?11 1 n2+1\/ no + 1 (n3 + 1)”1(”2 + 1))

~0. (3.87)

The group SO(3) has a single Casimir element .J2

(j')2 momimams _ s— mo+m1+m2+m35mo
nEN1IN2N3 —no+ni1+nz2+ns

( — 20,216,262 (11 + ng 4 N3 + ning + ngng + n3ng)

n2 "n3

mi1 $msa
+5’n1 61’1,2 2 n3+2\/ no —

5m15m2 oms 2\/ n2+1 n2+2)(n3—1)

na+2"n3—

( )
( )
n1+26m25g"j o/ (3 — )ng(ng + 1)(ng +2)
( )
( )
( )

1 Ty TL3 -+ 1)(”3 + 2)

o 25%125,23\/ ny — 1)ny(ng + 1)(ngy + 2)

o050/ D+ 2)(n2 — D ). (3.89)

3.3.1 Diagonalization of J;3

Since the conventional way of building the little group for a massless field is by choosing

the little momentum to be in the z direction, it is the operator J3 which can tell us about
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the helicities of the field. For that reason we explicitly perform its diagonalization. An

element of the vector space spanned by Hermite functions

¢ = Z pm0m1m2m3fm0m1m2m3 (389>
{m}=0

is an eigenvector of the rotation operator if it satisfies the equation
J3 - P =\D. (3.90)

In terms of components p™e™™2™M3 " the eigenvalue equation is

J momimaoms
3ngninong p

nONIN2N3 __ )\pmom1m2m3 (391)

where the Einstein convention for summing over repeated indices was used. Since the
chosen rotation generator leaves invariant indices ng, n3, we suppress them and focus only

on the part of interest
Jygans = g (S y/ma(ng + 1) = 0t/ + g ) (3.92)

The eigenvalue equation becomes J3273C™" = A\C"™™2 or explicitly

Cmtbme=L /imy 4 Dmy — C™ 5™ iy (my + 1) = AC™ ™2 (3.93)

Due to the presence of 5:an7§2 in (3.92)), the number r = n; + ny is invariant under
the action of the rotation generator, which makes any sector of the vector space with a
fixed r finite dimensional. This enables numerical calculations of the coefficients and the
eigenvalues, and we report some of them as an explicit example, in the form C)'\"* where

r = my + mo and A is the eigenvalue.

mama _ g o (3.94)
cymme :7(53115;“2 i) (3.95)
mima —7(5m15m2 o) (3.96)
myma :7(5m15m2 5 ae) (3.97)
Oy = (10563 + VAo — i) 63 (3.98)
A = (IO + VIS + i0g o) (3.99)
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An exact solution to the diagonalization problem is also possible. We can use the following
redefinition for the coefficients C}'y"* which will enable us to rewrite (3.93) in a simpler

way.
(_1)(m2—m1)/4

mims __ m1ms2
Y CT T TR (3100

where r = my+meo, while k will correspond to the eigenvalue A\, with the exact dependency

to be determined. The eigenvalue equation becomes
my P oy PRl A priime = (3.101)

Surprisingly, the solution to this equation is given by the Kravchuk matrices |61} 62].
They are defined as
= J\ (N =i
KM = N7 (=1)k 3.102
=S (L (3102)
k=0
and we can use them in the following way

P = Ky, = ;(—Ui @1) <kn12l> . (3.103)
To prove that this is a solution and to find the eigenvalues, we will first rewrite the
Kravchuk matrices in terms of Kravchuk polynomials. Since there is a connection of
the Kravchuk polynomials to the hypergeometric function, we will be able to re-express
(3.103|) using the hypergeometric function. In the last step, we will use known formulas
for the hypergeometric function and prove our solution.
The definition of the Kravchuk polynomials is
kP (2, N) = i(—l)"‘i <N B 76) (x.)p”_i(l —p) (3.104)
— n—i i

and they are related to the hypergeometric functions as
(») non (Y
kP (x,N)=(-1)"p oF1(—n, —z,—N;1/p). (3.105)
n

To use this in (3.103) we set © — mqy, N = my +mg =1, N —x — mo, n — k and
p — 1/2, from which it follows

kY2 (my, 7) :i(—nk—f (”;“) (k"izz) 9~k (3.106)

1=0
=(-1)k27* Ky (3.107)
:(—1)]627]f (;) QFl(—k, —my, —T] 2) . (3108)
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Therefore
-

P,:T]Lﬁl’mZ - <I€) 2F1(_k7 —my, —T; 2) . <3109>

It is most easily seen from the equation above that the integer parameter k can range
from 0 to r. We now use the consecutive recurrence relation [63] for the hypergeometric

functions :
(b—c) o F1(a,b—1,¢; 2)+(c—2b+(b—a)z) o F1(a,b,c; z) = b(z—1) o Fy(a,b+1,¢; z) . (3.110)
To adapt this recurrence relation to our problem, we choose
z2=2, a=—-k, b=—-my, c=—-—r=—m;—msy. (3.111)

The recurrence relation becomes

ma o F'1(—k, —(mi+1), =1 2)—(r—2k) o F1(=k, —mq, —1;2) = —my oF1(—k, —(m1—1),—7;2) .

(3.112)
Finally, we can recognize that this is identical to the equation (3.101]) with the eigenvalue
A=1i(2k—r)

my PRy prathme T gz primz — (3.113)

As we have established above, the parameter k& ranges from 0 to r, which means that the

eigenvalue A can for a certain choice of r attain values
A = —ir,—i(r+1),...,i(r — 1),ir. (3.114)

The complete solution to the diagonalization problem ((3.93)) is then given by

O™ = f&%w;ﬁu ;<_1)i(ﬂzl> (kﬂfl) ' (3115)
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Chapter 4

Spacetime content and the particle

spectrum

In chapter [2] we have defined the MHS gauge field model and shown that the Yang-Mills
motivated theory has a perturbatively stable vacuum. The theory was formulated using
fields on a master space, and for that reason it is not directly visible what the spacetime
content of the model is. To understand the spectrum of the theory in terms of Wigner’s
classification of elementary particles we need to perform two operations; primarily, we need
to find a purely spacetime description for the MHS field, i.e. we need to "integrate out"
the auxiliary space dependence and explicitly display the spacetime degrees of freedom.
Secondly, we need to extract the free part of the theory, quantize it, and recognize how
the Casimir elements of the Poincaré group act on the states created by our linear fields.
The latter problem is equivalent to analyzing how the Casimir elements act on-shell on
the polarization structure of solutions to the linear equations of motion as these solutions
have the same transformation properties as wave functions of a quantum theory.

We will display two perspectives on analyzing the spacetime content of the theory.
The first one, a Taylor expansion in the auxiliary space, is conventional and it enables
a direct comparison to historical perspectives on higher spin theory, but it is not well
suited for our purposes. The second perspective, an expansion in terms of orthogonal
functions in the auxiliary space, is novel. We have introduced it for the first time in [1].
It comes out of physical demands, and to understand it we had to develop a new way of
representing the Lorentz group, which is done in chapter [3

With the spacetime content in our hands, we can proceed to the characterization

63



of the particle spectrum. We will present two perspectives here as well. The first one
comes from the analysis of the polarization structure of solutions to the linear equations
of motion when expanded in terms of Hermite functions. The results from chapter
will be indispensable in this perspective, and we will present the obtained results. Such
an approach will increase our understanding of the spectrum, but finding all solutions
to the posed problems is very involved. A complete characterization will thus ask for
an alternative approach. The second perspective comes from analyzing the polarization
structure in terms of functions which are solutions to the differential equations posed by
the little group generators. Here, in principle, we will be able to write down a complete

basis and give an explanation of the particle content of the theory.

4.1 Spacetime fields

4.1.1 Taylor expansion

In the history of exploring higher spin fields, there appeared a perspective of packing a
complete tower of higher spin fields into a single structure by using an auxiliary Lorentz
vector as a bookkeeping device (see |64] for a review of various such attempts), akin to

how we defined the symmetry transformation (2.12)) to reproduce (2.2]). The resulting

object would be of the form

oo

h(z,u) =Y W (z)uy, oy, (4.1)

n=0

where the rank n component fields h#1"#» () were apriori taken to be e.g. Fronsdal fields
of spin s = n, and the resulting object h(x,u) was considered only a generating function.
Our perspective is different as we take our master field to be a fundamental object of
the theory, not only a generating function. Still, by looking at the eq. (2.12)), the simplest
assumption would be that a spacetime description of the MHS field is furnished by Taylor

expanding in the auxiliary space
ho(z,u) = Z Y O KT T (4.2)

n=0

We deliberately use a Latin index for the master field, and Greek indices for variables of
expansion. For reasons mentioned in chapter [2l and which will be examined in more detail

in chapter [7] we are motivated to call the Latin index a frame index. The coefficients in
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the expansion are spacetime fields that are Lorentz tensors of rank n + 1 symmetric in
their n (Greek) indices, and which by (2.57) satisfy equations of motion that are of the
form

Dh((ln)ul...un o 8aabhl()n)ﬂl“'ﬂn + O(hQ) =0. (43)

From ([2.44) we can deduce that the gauge transformations obtained from expanding the

gauge parameter as in (2.25)) are of the form
Shimebn = 9, gtrin - O(h) (4.4)

We see that linearized EoM for spacetime fields defined by have the Maxwell form
with respect to frame indices, but due to their special role, the fields are not of the
type usually considered in the literature (see e.g., [18] for Fronsdal’s formulation, [65]
for a non-local formulation or [66] for a Maxwell-like formulation). A totally symmetric
Lorentz tensor field of rank n satisfying Maxwell-like EoM contains irreducible represen-
tations of the Poincaré group with spins s = n,n —2,n —4,...,1 or 0 (see [66]). As
the spacetime fields defined by have one frame index which is not symmetrized in
any way with other (Greek) indices, they presumably propagate additional irreducible
Poincaré representations with spins s < n + 1. We shall refer to the spacetime field B
as the spin-(n + 1) field.

The expansion leads us to a spacetime description in terms of infinite tower(s)
of HS spacetime fields with unbounded spin. If we restrict the MHS potential to an odd
function in the auxiliary space the tower will only contain spacetime fields with even
spin. In [3}|67] it was shown that HS spacetime fields defined by linearly couple to
the corresponding HS currents when spacetime matter fields are minimally coupled to the
MHS potential. We will further elaborate on this in chapter [6l Also, it is straightforward
to show that the truncation to n = 0 and n = 1 sectors is consistent both with the HS
transformations and the MHSYM EoM, meaning that on the level of EoM the low-spin
sectors (s = 1 or 2) may be decoupled from the true HS sector (s > 2). These low-spin
truncations are analyzed in more detail in chapter [7]

From the form of the HS equations admitting the symmetry one could be
tempted to conclude that the theory has ghosts and, as a consequence, that unitarity is
violated. However, such a conclusion is out of reach, since the expansion which led

to the linearised EoM (4.3)) is not suited for the purpose of obtaining a purely spacetime
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off-shell description. If we substitute in the MHSYM action and group the terms
by order of u,, integrations over the auxiliary space would be divergent at each separate
order. As we mention earlier, proper fall-off conditions in the auxiliary space are required,
and the infinite expansion thus has no problems when all (infinite number of terms)
are taken together in calculations, but viewing any particular term within the sum by
itself, be that in the EoM, action or observables, is ill defined. A consequence is that we
cannot obtain regular expressions for classical observables, such as energy and momentum,
if only a finite number of spacetime fields Rt () are non-vanishing, in particular
the low-spin (s < 2) on-shell truncation mentioned above is illusory. The problem with
expansion is not that it is mathematically incorrect or completely useless, but that
the spacetime fields defined by it cannot be treated as independent. If one insists on an
expansion like (4.2), the existence of a "hair" consisting of an infinite tail of HS spacetime
fields is obligatory in physically acceptable configurations. The main conclusion is that
spacetime fields generated by the expansion do not correctly reflect the spectrum
(particle content) of the MHSYM theory.

4.1.2 Orthogonal functions expansion

An alternative to the Taylor expansion above comes from relaxing the notion of how
Lorentz covariance is to be achieved and giving priority to the fact that integrals over the
auxiliary space be finite. The latter argument is a reasonable physical demand we put on
our theory, and it is most easily seen by looking at the energy of the linearized MHSYM
theory

U =~

zglgm /dd_lX/dd“<ZF0j(%U)2 + Zij(l‘,U)2> < o0 (4.5)

j<k
To achieve finiteness of the integral above, our master fields need to have appropriate
fall-off conditions at large values of the auxiliary space coordinates. We can enforce this

condition by using a complete orthonormal set of functions in the auxiliary space { f,.(u)}

formally indexed by some integer parameter r to expand the MHS potential as
ha(,u) =Y b (x) fr(u) (4.6)

where

[t it = 6 (4.7)
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Using such an expansion one arrives at the off-shell space time description with the

quadratic part of the Lagrangian given by

SO = 49 Z/dd a h abhgr))nacnbdars (8Ch¢(15) . adhgs)) . (48)
ym

On the linear level, the gauge symmetry acts on spacetime fields hy)(aj) as
6. W () = 0,eM () (4.9)

where ¢(")(z) are obtained from MHS gauge parameter £(z,u) in the same fashion as
in (4.6). The above linearized action neither contains dangerous ghosts (of the kind
that cannot be removed using gauge freedom), nor runaway modes. In a similar way
one can integrate the interacting part of the MHSYM action over the auxiliary space to
obtain a purely spacetime action which is a weakly non-local functional of spacetime fields
{n (@)},

The positive definite product of two basis functions in might seem in disagreement
with the condition of Lorentz covariance since intuition usually leads us to expect the
Minkowski metric on the right hand side of equations such as if Lorentz covariance
is to be achieved. However, as we prove and explicitly construct in chapter [3, we can
still achieve Lorentz covariance even in the basis of orthogonal functions, but we have to
abandon the notion that the representation will be finite dimensional.

One particularly good choice for the orthonormal basis of functions are multi-dimensional
Hermite functions defined in . We repeat the definition here with modifications due
to the fact that the natural auxiliary space variables are u,, not u®. H,(u) are the Hermite
polynomials

b2 dt 2

H,(u) = (=1)"e" T € - (4.10)

where the index n can attain arbitrary non-negative integer values. Hermite functions are

defined as
1 u?
folu) = ———=e""2 H,(u). 4.11
()= et T H0) (.11
The multidimensional Hermite function that we will use for the expansion in the auxiliary
space is defined as

Fromay (W) = frg(U0) -+ - frg_, (Ua—1) (4.12)

They satisfy the orthonormality condition
/ Bty - At Fryomy. () gy (1) = 670 - 57 (4.13)
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The MHS potential h,(z,u) = hq(2%, u.) is now expanded as

o0

haly ) = 3 () fag g (1) (4.14)
{n}=0

Following the transformation property (2.47)), we can deduce the rules for Lorentz trans-

o’ " (z). The active transformation is given by

formations of the component fields A,
Rl (z,u) = A"ho (A" 2, ul) (4.15)

and we can expand both sides of the equation in the Hermite basis

2 B (@) g (0) = Ao Z By AT fngmg o (uA) . (416)
{n}=0 {m}=0

Due to (4.13]) we can multiply both sides with f,,....,(u), integrate over the auxiliary space,

and conclude

T e) = A3 L (A () (4.17
{m}=0
where
L:r(;o T’ilndl 1 (A) - /duo e dud—l fTo‘“Td—l (u)me'“md—l (UA) (418)

is a representation matrix of the Lorentz group in the space of Hermite functions.ﬂ

1'We have explicitly constructed the representation matrices in chapter but there is a key difference in
compared to the formula found in the mentioned chapter. Here, the variables of integration
are auxiliary space coordinates with lower Lorentz indices, while in chapter |3| we worked with variables
with upper Lorentz indices. We now adapt the representation matrices to the current situation. For

simplicity, we restrict to two dimensions, and spell out
D A) = [ P o (1) o () (A0 s (A 01) (119)
while explicitly in we have
Lognyt (A) = /duOdul Jmo (00) fmy (u1) fro (uh)o) fr, ((u)1) . (4.20)
In the mostly plus signature that we are using we can re-express
up = —u’, u; =u, (uh)g=—(uA)’, (uA); = (uA)* (4.21)
and further we realize
(uA), = uy Ny, (WA = u, AVH = A = (A7)0 = (A )k (4.22)
With the property of Hermite functions f,,(—u) = (—1)"f(u), we can finally relate

L7omi(A) = (—1)motmo pmoma (A) (4.23)

noni1 noni
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The representation matrices can be found in chapter [3 For further convenience we
explicitly write down the generators of the Lorentz group in d = 4 in the infinite dimen-
sional representation, adapted to the purposes of this chapter (here we also make the
operators Hermitean so the rotation generators J; differ to - by a global factor
of —i, while the boost generators K; differ by a global factor of 7).

momimgms __ ;S—mo+mi+ma+m3 §ma §m3 mi mi S
K1n0n1n2n3 - 267n0+n1+n2+n3 577,2 577,3 (6n1+1 (no _'_ 1>(n1 + 1) — Yni—1 nlno) (424>

momimzm3 __ ;S—mo+mi+ma+m3 smi $m3 m2 ma S
K2n0n1n2n3 - 257n0+n1+n2+n3 5TL1 5n3 <5n2+1 (no _'_ 1)(”2 + 1) - 571,271 n2n0) (425>

momimam3 __ ; S—mo+mi+ma+m3 §mi $m2 m3 ms3 /o o
K3n0n1n2n3 - Zd—ng—l—nl—&-ng—&—ng 571,1 57},2 <5n3+1 (TLO + 1)(”3 + 1) - 57),371 n3n0> (426)

momimaems __ ;s—mo+mi+ma+ms sm1 smo [ §me \/7_ ma \/7
Jlnonlnzng - Zd—no—i—nl—i-nz-‘rng 5711 6710 < no+1 (n2 + 1)”3 5712—1 712(713 + 1)) (427)
momimamsa __ ; S—mo+mi1+ma+m3 $ma $mo m3 / _sma3 /
J2non1n2n3 - Zd—ng—i—nl—i—ng—i—ng (5712 6710 < na+1 <n3 + 1)711 5713—1 n3(n1 + 1)) (428)

momimams3 __ ; §—mo+mi+ma+m3 §m3 §mo m1 / _ smy
J3n0n1ngn3 - 257n0+n1+n2+n3 6’[1,3 571,0 <5n1+1 (nl + 1)”2 671,171 ny <n2 + 1)) (429>

4.1.3 Linear solutions and helicity

In this subsection we focus on the particular number of dimensions d = 4. We can use the
expansion (4.14)) and insert it into linearized EoM obtained from (2.57)). The component

fields in the expansion satisfy
ORO™M™218 (1) — 9,0 ho™ ™" () = 0 (4.30)
and they enjoy a linearized gauge symmetry of the form
G hpom™m2ns (p) = ,e"omn2ns (g | (4.31)

To find out about the helicity of the field, we can write down a plane wave solution to
the EoM , use the freedom available through to fix the gauge and choose a
direction of propagation (conventionally, we choose the z-direction). Such a solution is
given by

hanoninzns (CL’) — el(l:t) p”0”1”2”3@ikz (432)

The same prefactor (—1)™ ™0 is present in any number of dimensions.
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where k? = 0, meaning that the field is massless,

0
1 1
e?i) = — (4.33)
\/§ +1
0

and p"om™n™2™s g an apriori unconstrained polarization factor in the infinite dimensional
unitary representation of the Lorentz group.

The helicity of a plane wave can be calculated as the eigenvalue of the rotation gener-
ator around the axis of propagation. As we have followed the convention and chosen the
z axis as the axis of propagation, we want to find the eigenvalue of the rotation operator
Js. When acting on (4.32), which is in a mixed representation, each generator will have
two parts; one belonging to the finite dimensional representation (indices a,b), and one

belonging to the infinite dimensional representation (indices no, ..., ng), i.e.

(Jg)momlQOS ab — (Jg)m0m1m2m3 51()1 + 6m0m1m2m3 (J?,)ab (434)

noninang noninans noninang

where (J3)"} is in the fundamental (vector) representation of the Lorentz group, given

explicitly by

00 0 O
00 — 0
Iy — (4.35)
0 2 0 O
00 0 O
It is then easy to see that (Einstein summation convention assumed)
(T3 )™ ey PO = (1 4 A€y pmommm (4.36)
where
pn0n1n2n3 — dnonza 02116"2 (437)

with d"o" arbitrary, )" given by (3.115), and A = (2k —r). As explained in chapter ,
r=ny4+ny, k=01, 7.

All together, this means that the plane waves (4.32) can carry helicity (1 + ny +
ng), £(n1 + ng2), £(ny +ny — 1), --- £ 1(0), depending on n; + ng being even or odd. We
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can also notice that a single value of helicity can appear in infinitely many polarization
factors.

Another approach leading to the same conclusion comes from using a complete or-
thonormal basis in the auxiliary space built over spherical harmonics {gyynim(u)} which

are by construction diagonal in the rotation generator around the axis of propagation e.g.,

Grontm (U, 2) = [fry(tio) Fr(u) Y,™(6, §) (4.38)

where F), are Laguerre functions, Y;™ are spherical harmonics, and 7y = 0,1,2,..., n =
0,1,2,....,l=n,n—2,...,1(0), m = —1,—l+1,...,l. Then the plane wave solutions for
the MHS potential can be expanded in this basis as

Earonlm(k) 6ik~a} gronlm<a> lA{) ) k : Earonlm(k) = 0 ’ kz = 0 (439)

with ¢ = 1. Helicity is given by ¢ + m, which shows that there is an infinite number of

fluctuations for every value of the helicity.

4.2 Wigner’s classification

By the principle of relativity, isometries of a spacetime are symmetries of a physical
system. Wigner’s classification of elementary particles |13| is thus a classification of
the isometry group (in our case, the Poincaré group) represented on the space of one
particle states. Here we would like to display the basics of Wigner’s method and highlight
the relationship to the plane wave solutions of the linear equations of motion. This
exposition closely follows the first volume of Weinberg’s Quantum Theory of Fields [68|
while additional details can be found in [69, 70, 71|

The Lie algebra of the Poincaré group consists of 10 generators, whose Lie brackets

are given as:

(B, ] =0 (4.40)
My, Bo] =10p Py — 1oLy (4.41)
i My Myo] =0uo Moy — NupMuo + MupMyuo — 1o My (4.42)

Building a representation of the Poincaré group on a space of one-particle states can be

done by the method of induced representations. In d = 4, the Poincaré group has a
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quadratic and a quartic Casimir element
Cy=—P'P,=—-P* Cy=W'W,=W? (4.43)
where the translation generators are P*, with the Pauli-Lubanski vector W* defined as
1 uv po
Wo = S€upe M P, (4.44)

and the Lorentz generators denoted by M*”. The orbital part of the Lorentz generators
(~ X#P" — XV P*") does not contribute to the Pauli-Lubanski vector.

It is natural to label the single particle states with the values of the Casimir elements.
Further, since momentum operators form an abelian subgroup, we work with their eigen-

vectors and label them as

1p%, 1%, p, o) (4.45)
such that
P2 p*, W2 p,0) = p° |p°, 1P, pyo), W22 uP p, o) = WP |p?, 12, p, o) (4.46)
and
PHp?, 2, p,o) = p |p°, 12, p, o) (4.47)

with o labeling other degrees of freedom which are to be determined. For each value of
p? we can choose a standard momentum A* such that any other p* with the same value

of p? can be obtained by a Lorentz transformation
P =Spr.k". (4.48)
For each such choice of k* there is a set of Lorentz transformations leaving k* invariant
Bt kY = kM (4.49)

which form a subgroup of the Lorentz group named the little group corresponding to
the standard momentum k*. It can be shown [69, 72| that the generators of the little
group are given by the components of the Pauli-Lubanski vector with the specific standard
momentum

1
Wi = S MK (4.50)

Since W,k* = 0, we know that the Lie algebra of any little group in d = 4 will be three-
dimensional. The possibilities are given in table .1 and we are primarily intersted in the

positive energy (p° > 0) options.
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Cy = —p* | Standard momentum k* | Little group Example

p? = —m? (£m,0,0,0) SO(3) W= and Z bosons
p? =0 (+w,0,0,w) ISO(2) photons
p? = n? (0,0,0,n) SO(2,1)" tachyons
p? =0 (0,0,0,0) SO(3,1)" vacuum

Table 4.1: Representations of the Poincaré group
While translations act on the basis vectors as
Ula) [p*,w?, p,0) = e” P [p*, 0’ p, o) (4.51)
it can be shown that homogeneous Lorentz transformation act as

UA) [p*,w?,p,0) = N Dorg(W(A, p)) [p>, w?, Ap,o”) | (4.52)

where N is a normalization factor and W (A, p) = S™!(Ap)AS(p) is an element of the little
group for a particular standard momentum. Matrices D, (W) furnish an irreducible
representation of the little group, and their construction is then sufficient to properly
characterize the one particle state. For each choice of standard momentum, the quartic
Casimir of the Poincaré group is equal to the Casimir operator of the little group. We
will be especially interested in the massless case, and for that reason we focus in more
detail on the group 150(2).

The Lorentz generators M* can be unpacked so that the generators of rotations J;

and boosts K; can individually be recognized as

Jo=M*3, Jy=M3" Jy=M" (4.53)
Ki=MY K,=M" K;=M% (4.54)
If we choose the standard momentum as k* = (w,0,0,w), we can explicitly find the

components of the Pauli-Lubanski vector which are the generators of the little group for

the case of massless particles
WH=w(Js, J; — Ko, Jo + K1, J3) . (4.55)
It is convenient to name the generators
A=w(J; — Ky), B=w(lo+ Kj). (4.56)
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By knowing the commutation relations of the Lorentz algebra
(i, Jj] = i€y, [Ji, K] = dein Ky, [Ki, Kj] = —iegn i (4.57)
it is easy to check that A, B and J3 span the Lie Algebra iso(2)
[A,B] =0, [J5,A]=1B, |[J3,B]=—iA. (4.58)
The quartic Casimir in this choice of standard momentum is then given by

W WH=W? =w?(J; — Ko)* +wW?(Jo + K;)? (4.59)
=(A% + B?) (4.60)

and naturally it commutes with all elements of the little group algebra
(W2 Al = [W? Bl =[W? J3] =0. (4.61)

In appendix we report on how to build a unitary representation of the Lie algebra
i50(2), and the Lie group 1.SO(2). Here we point out its main features.

The faithful irreducible unitary representations of the little group 7.50(2) which have
a non-vanishing value of the Casimir operator W? are necessarily infinite dimensional. If
written in a basis diagonal in the rotation operator around the standard momentum, it
can be seen that each irreducible representation contains an infinite tower of helicity states
mixing under Lorentz transformations. For that reason, such representations are usually
named "infinite-spin". A different basis choice is possible, as we spell out in the appendix
[A.2] which motivates a different name - "continuous spin". This class of representations
was originally considered by Wigner to be unsuitable for a physical use, since the infinite
tower of helicities would have to correspond to an infinite heat capacity. However in the
recent years there has been a revived interest for this class of particles and in analyzing
their kinematic and dynamical aspects with more scrutiny (|73, 74}, 75, 76, [77, |7§]).

There is also a possibility of a non-faithful representation of the little group 150(2)
where the operators A, B act trivially. In this case W? gives a vanishing value and the little
group becomes isomorphic to SO(2). The representations are one-dimensional, with the
only non-trivial operator being the rotation around the standard momentum. The eigen-
vectors of this rotation are the ordinary helicity states describing particles corresponding
to massless fields of a fixed spin such as the Maxwell field, linear Einstein gravity, higher

spin fields of the Fronsdal type, etc.
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There is an important relationship between the matrices Dy, (W) which, as we have
seen, act on the one particle states, and the Lorentz transformation matrices we use
to express quantum field components in different inertial frames. From the creation and
annihilation operators we can build a quantum field, where r stands for any set of Lorentz
indices

R (x) = Z 4 (v (p,o)a(p, o)™ +v"(p,0)dl (p,0)e™”) . (4.62)
ST e
Under a Lorentz transformation it behaves as

UMR (2 ZL DS (Az) (4.63)

where L(A) is a representation of the Lorentz group (finite or infinite-dimensional) on
the space of fields. This equation can be seen as a compatibility condition |70, 68, 72|
between the infinite-dimensional unitary Fock-space representation on the one particle
states and the representation of the homogeneous Lorentz group on the space of fields.
In a straightforward manner, it can be brought down to compatibility equations for the

polarization functions in the standard momentum k
> u' (K, 0" Doro( ZL you(k, o) (4.64)
> v (k,0) Dy, (W ZL v (k, o). (4.65)

On the level of the algebra of the little group we have
Zu (k, 0" )Toro = Z Ju’(k, o) (4.66)
> (ko) T, = ZJ” *(k,0) (4.67)

a./
which follows from the expansion D,/ & 05o' + 10T 5o/, and L™ == 6™ + i0J".
The polarization functions in the standard momentum thus carry the representation
of the little group and contain also the information about the quartic Casimir operator.

By classifying polarization functions of a certain field, through solving the eigensystem
Z L (W)™ u'(k,0) = p*u"(k,0), (4.68)

where p? on the right hand side is constant due to (4.46]), we can learn about supported

particle types, i.e values of the Casimir operator W?2, associated with that particular field.
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4.3 The quartic Casimir in the Hermite expansion

Our first goal is to build an explicit expression for for the case of the plane wave
solution (4.32)), and then attempt to find possible eigenvalues. For the sake of the clarity
of argument, we will demonstrate the procedure on the Maxwell field before following
these steps for the MHSYM component field.

In the case of electrodynamics, a plane-wave solution of the equations
OA* —0#0-A=0 (4.69)

with momentum oriented in the z direction k* = (w, 0, 0,w) is given by

0
, 1 .
At (z) = ete*™ = L ek (4.70)
V2 | L
0

Since Maxwell’s field is a Lorentz vector, we can explicitly use the vector representation

of the Lorentz generators
(JH)* 5 =1 (n”aég — n”aé‘ﬁ‘) . (4.71)

Using the identifications (4.53]) and the result (4.60)) the quartic Casimir element is ex-
plicitly given by

<

I

&

no
o o o o
o o o

2
0

(4.72)
0
2

0
so it is readily visible through application of (4.68)) that there is a single eigenvalue of the

quartic Casimir, and it is vanishing

(W) 5- AP =0.

Quartic Casimir of the on-shell MHS field

As already stated, the MHS field is in a mixed representation of the Lorentz group - a direct
product of the finite dimensional vector representation and the infinite dimensional unitary

representation. The generators will be a direct sum of two parts; one belonging to the finite
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dimensional representation (indices a,b), and one belonging to the infinite dimensional

representation (indices ng, nq,n2, ng in case of the Hermite expansion in d = 4), e.g.

(J1>mom1m2m3 a, — (Jl)mom1m2m3 52 4 gmomimams (J1)ab (4.73)

noninans noninans noninans3
A compactified notation uses a capital N instead of the tuple {ngninsns}
(Jo)x = (NN 0 + 0N (1) (4.74)
The Casimir element (4.60) is then given by (repeated indices summed over)
(W2)N e = (il + Tgnlbe + KipKbe + KgoKhe = 200 Khe + 2K0178 ) 0%

—HJJ2 <J111\{/IJ1§ + ngf\{/[Jgg + Kllf{[Klg + KQII\{AKZE - 2J1%/IK2§ + 2K1¥J2§> 5?

T (2TE AN + 205 N+ 2KT KN + 2K N

oS M ok Ms 4 oK M 4 oK M 2“c>q, . (4.75)
The first bracket contains the finite-dimensional vector representation of the W2, and it
is multiplied by 6N . As in the case of a finite dimensional massless vector field, this will

give a 0 when acting on the polarization vector €* found in (4.32)).

The mixed contributions to the Casimir can be rewritten as
(Wr?@ized)%[ac ZQAGCA%I/I + 2BacBlltT/I

where A, B were defined in (4.56). When A“. or B%. act on the polarization vector €?,

the result will be proportional to the standard momentum, e.g for A%,

0 0 —1 0 0 1
o0 0 o] 1|1 +1 [0

; — - = x k° (4.76)
10 0 1 |V2|xi V2 o
0 0 —1 0 0 1

i.e. a pure gauge contribution in the finite-dimensional sector. A non-trivial eigenvalue of
the quartic Casimir for the MHS field can thus come only from the second line of (4.75)),

which contains the infinite-dimensional part

(anf)i4 5% = w0t (S MR + LMLR + KMKR + KOMEGR — 2kGM R 42 ,M iRy
(4.77)
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We now use the explicit expressions for the infinite-dimensional generators (4.24H4.29)),

and arrive at the result written out without the use of the compactified notation.

( 2 )m0m1m2m3 — 2§ motmitmatms
inf noninans - —no+ni+nz2+ns

no "mi1 "n2 "n3

(25m06m15m25m3<1 +ng + ?7/3)(1 +ny + ’n2>

=y o 2\/ No + 1)(77,2 + 2)(713 — 1)77,3

ng “ni “na2+2-n3z—

—omogT 2 578 o/ (ng

ng °ni “n2—2Yns

— OS5 o/ (1

ng “ni1—2"ng

)ng(ng + 2)(ng + 1)
1

)
1)
)

ni(nsg + 1)(n3 + 2)

1)(ny +2)(ng — 1)ng

ng “ni1+2¥ngy “nz—

—5T, 6™, 6M26M5  /(ng + 1

no+2"n1+2%n2 “ng

(ng+2)(nq +1)(ny +2)

—5T 8T, 6m26M3 /(g

no—2Yn1—2%n9 Yng 1 nO(nl - 1)”1

(

( —

( _
—gmog™ 5m26™S L\ /(ny + 1)

(no +1)

( —

( )

—5m0 5m15m2 5m3\/ Un + ]_ (no —|— 2) (TLQ —I— 2)(712 —f- ]_)

no+27n1 “n2+2¥ng

B S MR \/(no - l)no(n2 - ].)ng

no—2"n1 “n2—2%ns

+25m0 oy L oms 1\/(TL0 -+ 1)(712 + 1)(n2 + 2)713

no+1”n1 “na+2¥n3—

=260 616267 (/ (ng 4+ )ngna(ng + 1) + /(ng + 1)(ny + 1)(ng + 1)(n3 + 1))

no+1vn1 “n2 “nz+l

—25%0_15215;7’;25%3_1(\/TLO(TLQ + 1)(712 + 1)713 + \/nonlnlng)
+25m0 oy L oms \/no(n2 - 1)712(713 + ].)

no—1"ny “no—2%nsz+1

2070 167 5626\ (ng + 1) (ng + 1) (g + 2)ng

+20,07 10, 9002 0,% \/no(nl — 1)ny(ng + 1)) . (4.78)
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When acting on the field polarization factors p™o™1™2"3 in (4.32)), we get

(WQ )m0m1m2m3 TONIN2N3 __
inf)noninang p -

2p™memmama (1 4+ mg + mg) (1 +my +mo)]

_pmoml(mz—Q)(m3+2)\/ my — 1

ma(ms + 1)(ms + 2)

( )

—pmom(mat2)(ms=2) | /(0 N (g + 2)mg (mg — 1)
—pmo(mat2ma(ms=2) | /(TN (g + 2) (g — 1)mg
—pmotm=2ma(mst2) /(Y my (ms + 1) (mg + 2)
—ptmo=2)mi=2)mams | /() " 1)ymg(my — 1)my
—plmoDmtmema /i 1) (mg + 2)(my + 1)(my + 2)
—pmo=2mi(ma=2ms /(1 T g (s — 1)
—plmot2ma(met2ms /(1) (mg + 2)(ma + 1) (my + 2)

+2p(m0—1)m1(m2—2)(m3+1)\/m()(mg — 1)my(ms + 1)

—gp(mo=lmima(ms=1).\ /r momams)

—gp(motmima(ms 1) | /(o Y (g + 1) (g + 1) (g + 1)

+2p(m0+1)m1(m2+2)(m3—1) \/(mo + 1)(m2 i 1)(m2 + 2)m3

_2p(mo—1)m1m2(m3—1)\/mo(ml + 1)(77’1,1 + 1)m3

+2p(m071)(m172)m2(m3+1)\/mo(ml — D)my(mg + 1)

+2p(m0+1)(m1+2)m2(m3—1) \/(mo + 1)(my + 1)(my + 2)ms

_2p(mo+1)m1m2(m3+1)\/(m0 + 1)m1m1 (m3 + 1) . (479)

4.3.1 Casimir eigenvalue problem

To learn about the particle spectrum of our theory, following (4.68)), we should solve the

eigensystem

2 )m0m1m2m3 nonineng __ ,,2. momimams
( inf noeninan3 —HP ’ <480>

Even before explicitly trying to find eigenvectors and eigenvalues in (4.80]), we can conclude
from that there will exist non-trivial states, i.e. the expression shows that a
polarization factor p"0™"2" used in will in general not give a vanishing eigenvalue,
through which we can confirm that the MHS formalism supports a description of the

infinite spin particles.
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One way of tackling the eigenvalue problem is by computer assisted iterative solving,
which could give us a hint for an appropriate ansatz. It can be seen by the structure of the
Casimir that any eigenvector should necessarily have an infinite number of conqponentsﬂ7
so we could only hope for hints coming from a truncated calculation. The Casimir operator
can be rewritten in a basis of eigenvectors of J; which were found in chapter [3, but the
complexity of the problem remains. So far, we are left with finding educated guesses and

one of them comes from the "massless limit" of eigenvectors of J2.

Massless limit of massive states

In the case of massive particles, the little group is SO(3), and the Casimir operator is
simply J2. An appropriately performed Inonii-Wigner contraction of a representation of
SO(3) can give us a representation of 1.50(2), which is the little group in the case of

massless particles. The limiting procedure entails the limits m — 0,v — 1 while keeping

m
1—v

The simplest simultaneous eigenvector of J? 1} and J; 1 } in the repre-

sentation over Hermite functions is

fixed my = s = W.

(I)n=078=0,>\=0 (u) = 530581 (582 633 fn0n1n2n3 (u) (4'81)

where n = ny + ny 4 ng and s corresponds to the eigenvalue of J2 = s(s + 1) while \ is
an eigenvalue of J3. We can boost (4.81]) with velocity v in the z direction to prepare it
for the massless limit. The transformation matrices for a finite boost are (3.58] |4.23))

momimams _ m?’!nO! 5—mo+m1+m2+m3 S §ma
nEN1N2N3 <U) - na! |~ —no+nit+n2+ng ny “ng X
3:Myo:
mo
m n ; +mo+1-25 o
Z( °)< ’ .)(—1)3\/1 T T g mmatng (4.82)
- J m3 —J
7=0
Boosting the chosen eigenvector we get
[e.e]
SO Dmemmm ) GRS SRS = Sy ogeeVT — P (—v)™ . (4.83)

ng,n1,nz2,n3=0

Since my — w while v — 1, the limiting procedure gives us

PlOTINENS _y §TA g2 §moms (] Yms (4.84)

2Terms such as 6/7°_, 6716253 | will always simultaneously raise the values of the Oth and 3rd index,
no—1"n1 “na Yng—1

thus a closed solution cannot have a finite number of terms.
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A more general case could be an eigenvector of .J3 and J? of the form
N ZnOCZ,ZnQ(S?fnonmzns (). (4.85)

In the sector n; + ny + n3 = n where s = n and A\ = n, there is only one such vector,
and the factor C71"2 is given in . The index ng has to be equal to 0, while ny is
arbitrary (or fixed by a choice of N = —ng + n), meaning that the factor 2™ must have
the form

2" = const. - §° . (4.86)

We boost (4.85)) in the z direction to prepare it for the massless limit.

Dy (v) 2" C 20 = \/ mg!(mT:Oi —T 2 tme VL — 2o et (—v)™ms
(4.87)
Eigenvector candidates
Motivated by we can take as a first ansatz
promnRns = § g2 nons s (4.88)

Inserting it into (4.78]), we obtain

n3 __

2 momimams3 ¢enjy cna cng,n3
( ) 0 020" e

inf noninans

<5m0’m356”158”‘2(—20m3(1 + 2m3) + 2™ tmg 4 2¢™3  (mg + 1))

+5m07m3+25g”016£n2 \/2(7713 + 1)(7713 + 2)(Cm3+2 + s 2cm3+1)

+5m07m3+255ﬂ156n2 \/2(7713 + 1)(m3 + 2) (Cm3+2 + Cms _ 26m3+1)>
= — 2o s
For the eigensystem to be valid we need to satisfy the two equations

2™ (1 + 2m3) — 2™ g — 2¢™3 (mg 4 1) = pPc™ (4.89)

st gms Mt = () (4.90)
which is solved only for u? = 0, and gives the solution for the coefficient

s =Y (4.91)



A solution of (4.80)) is then given by
promnans — D iz §rons (4.92)

which is simultaneously an eigenvector of J; with helicity A = 0.

The result in (4.87)) motivates another ansatz of the form

mo! —
premmams :\/ — T mg),éﬁMm3C7ﬁllm2 W™ (4.93)

A straightforward option is to choose M = r, and the proposed ansatz becomes

pnonlnzng — 57107“30:?71””211)”3 . (494)

Upon inserting into (4.80) we obtain two independent equations for w™?

2

w™ (14 2m3) — w™ tmy — w™  (ms + 1) = —ﬁwm (4.95)
w4 ™ — 2™t = () (4.96)
The solution is given by p? = 0 and
w™ =w’. (4.97)
This gives the polarization factor
promnns = gronsinn (4.98)

which is simultaneously an eigenvector of J3 with helicity A = r. The eigenvector (4.92)) is
thus a special case of . The norm of this solution is not finite and we can explicitly
see that in the sum over Hermite functions in the auxiliary space, the eigenvector will
contain a delta function. For instance, from and the completeness identity of

Hermite functions we find

0o
_uf+ud

Z 5n0’n3581532fn0 (u())fm (ul)fnz (UQ)fn3 <U3) = 5(2) (UO - U3)€ 2 ' (499)

ng,n1,n2,n3=0

Through this approach we were able to obtain a solution to the equation with
a vanishing eigenvalue, and with an arbitrary integer helicity. This would correspond to
an ordinary higher-spin massless field, but due to the infinite norm, the observables such
as energy would not be finite. The non-finiteness of the norm could be a reflection of
the fact that the eigenvalues p? are continuous, and a different approach might be more

suited for a complete characterization of the particle spectrum.
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4.4 The quartic Casimir for an on-shell master field

Consider the linearized equations of motion one obtains if the integration over the auxiliary

space is not performed prior to extremizing the action
Oha(z,u) — 0,0°hy(z,u) = 0. (4.100)

As in the previous section, we can fix the gauge to 0*h,(x,u) = 0, and consider solutions

representing plane waves directed along the z axis

ha(2, 1) = €,®(u)e™ (4.101)

where £* = (w,0,0,w) and €, = \/ig

transformation following the transformation properties (2.47)

(0,1,41,0). Now, let’s consider an active Lorentz

Bl (2%, ug) = A"hy(A™12)° (u - A)yg) (4.102)
If we expand the Lorentz transformation up to the first order
A% = op + iKY,

with 1) the expansion parameterf] then (A™1)%, ~ 6¢ — i) K% and since (A~1)% = A,® it

is true that K%, = —K,*. Through a simple expansion we get
Bl (3%, ug) = ha(z,u) + it (K hy(z,u) + KL2O ha(z,u) + K cupOShg(z,u)) . (4.103)

In case of our solution (4.101)), the action of a generator of the Lorentz group, where

D(K) is a representation of the generator K, becomes
D(K) - ho(z,u) = (K€, ®(u) + K 2%k ®(u) + K u, 050 (u)ey) €. (4.104)

We would now like to examine the behavior of under the action of the gen-
erators A, B of the little group is0(2) with the reference momentum £* = (w,0,0,w). If
we are able to find eigenfunctions of the mentioned generators, they will be the basis for
the representation of the little group. Since A, B commute, the choice of finding their

eigenfunctions is analogous to the plane-wave basis demonstrated in appendix [A.2]

3The parameter can be an angle if A is a rotation, or rapidity in case of boosts.
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It is straightforward to find the explicit vector representations for the operators A =

Jl—KQ andBIJ2+K1.

00 2 0 0 — 0 0
00 0 O - 0 0 —1
A=w , B=uw : (4.105)
¢ 0 0 2 0 0 0 O
00 —2 0 0 0 2 O

We see from the three possible terms, of which only one will be non-trivial.
Since A%k = B%kb = 0, and A%¢® oc kb, B%€® o< k? which is a pure gauge contribution,
the only term remaining in the equation in case of the generators A and B is the
last one, of the form K°.u,0°®(u). We now explicitly state the differential equations for

A and B.

A - ®(u) =u, A% (u) (4.106)
. , 0
=iw(u; — uz)a—uy + @wuy(a—m + 8uz)fl>(u) . (4.107)
In null-coordinates uy = u; + u,,u_ = u; — u, it is simplified to
0
A-®(u) =iw [u_ Juy + Quyaqu D (U, Uy Uy, Uy) - (4.108)
The equation for B is similarly
B CID(u)——z'cuui—i—Zui D(uy,u_, Uy, uy) (4.109)
- *auw xaqu +5 W=y Uy Uy ) - :
Following (4.68]) and (A.44)-(A.45]), we want to find functions ®(u) that satisfy the eigen-
system
A-®(u) =ad(u) (4.110)
B-®(u) =bd(u). (4.111)

The solutions to these equations for A and B separately are

O 4(u) = exp (_m“y) G, <u_, sy, —L)” ()" + (“2)2> (4.112)

e - () 6 oy ST P EY g

where G; and G4 are arbitrary functions of their respective variables. We can write down
a simultaneous solution with G an arbitrary function as

bu, — au,

Doy (1) = exp (z—) G, (u_, uu) (4.114)

Wwu_—
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where a, b stand for the eigenvalues of A and B, and r stands for any additional indices
that may be used to discriminate between different solutions. The explicit representation

for W2 is

92 H2 o? 0 0 0?
) 2 -~ -~ 7 7 2 2\ 7
= —w (u <8u§ + 81@) +4u_ (umf)ux + uyauy + 1) s + 4(u; + “y)aui)
(4.116)

and we can immediately see that solutions (4.114]) are eigenfunctions of the Casimir

operator

W?. ®(u) = (a® + b*)P(u) = p*®(u). (4.117)

As expected from the properties of the little group, the eigenvalues of the Casimir W? are
non-negative. Similar solutions were obtained in |74], in examining a scalar master field
as a wavefunction of the continuous spin particle.

A complete orthonormal basis in the auxiliary space can be built from functions of the

form (4.114)), for a specific choice of the standard momentum. One possibility is to define

Sapmi(u) = \/21? exp <zbuz_%) R (W )y (wu_u?) (4.118)

where h,(x) are any orthonormal and complete functions defined on R, such as Hermite
functions.

We prove that the functions f,p,(u) are orthonormal:

* 1 > *
/d4u fa’b’n’l’(u) fabnl(u) = (271')2/ du+ hn/(WUJr) hn<WU+) (4119)
o0 0 i (a—a")ug—(b—b")uq
X / dul/ dug e wu
X / du_ hy(wupu?)* hy(wugu?) (4.120)
We can use a substitution
w=wupu? = wuy(upu_ —ud —ud) (4.121)
which respects w(u_ = +00) = £00 to write the first integral
/OO du_ hy(wuyu®)* hy(wuiu?) = 1 /00 dw hy(w)* hy(w) = O . (4.122)
o wuy)? J_ o w(uy)?
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The second integral gives

0 0 i (a—a")ug—(b—b")uq 5
/ dul/ dus e wiy = (2rwuy )" 6(a’ —a) 6(b' —b)

and the third integral we have

o 1
/ duy hp (wuy)* hy(wuy) = E&m/ :

Finally, we confirm that the basis functions are orthonormal

/d4u fa’b’n’l’ (U)* fabnl (U) = (5(&’ — CL) 5(b, — b) 5l’l 5n’n

We can also prove that the choice (4.118)) is complete.
1 *
3 / da / 0 L0 S (0) = 55 3 ™) o)
n=0 [=0
a(u ug) b(u} uy)
X/ da/ Y T — Zh wt!,)* hy (wuy)

Elementary functions such as Hermite satisfy completeness relations
!/ 1 /
Zh wt!, )" hy(wuy) = d(w(u, —uy)) = mé(qu—qu)
Z ho(wu! u®)* hy(wuiu®) = §(wupu® — wul u'®) .

With the exponential functions we have

S b(ul ul)
/ dbe' =" = (2r|wuy|)d(uy — u))

—00

% a(uh—us)
/ dbe' = = (27| wuy )0 (ug — uj) .

—00

We can insert the results into (4.126]) and obtain

ZZ / da / db Fapmt (1) Faomi(10) =

=2w(uy)?0(uy —u') 6 (uy — uf) 6 (ua — uh) S(wuru® — wu' u'®)

=20(us — ') 0(ur — ) O(uz — uh) wlug ) o(w(us ) (us —ul))

=20(uy — wy) 6(ur — ) 0 (up — us) 6(u— —ul)
:54(U’ - Ul) )

which is the completeness relation.
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We conclude that the MHSYM theory supports a description of infinite-spin particles.
On shell, a classical solution corresponding to a non-vanishing value of the quartic Casimir

W2 = a? + b? can be chosen as e.g.
ha(2, 1) = €4 fapm(k, u)e™™ (4.133)

where we have emphasized that the polarization functions have an implicit dependence
on the momentum £°.

Off-shell, the value of W?2 is not constrained in the present form of the MHS theory,
instead, it seems that the theory can support a continuous range of parameters p?. Ad-
ditionally, the basis functions (4.118)) could point to a degeneracy in that different values
of indices n, ! in the choice lead to the same eigenvalue of p?. Alternatively, they
might correspond to some additional quantum numbers which are left to be uncovered.
We leave as an open issue how to extend the definition of basis functions to general

momenta and the possibility of constraining the theory to a single choice of 2.
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Chapter 5

MHS gauge field models and

conservation laws

5.1 Model building in the MHS gauge sector

Having developed the MHS formalism and having it cast into a more general form, we
turn back to the question of constructing candidates for the theories based on the MHS
symmetry. We use the covariant formulation introduced in chapter [2| and show that apart
from the pure Yang Mills case, which will in the general formulation display different
phases, we can include additional terms in the action which can provide new interactions,
kinetic terms and solutions. We examine the conservation laws and identify an infinite
tower of conserved charges. Finally, we display a connection of the MHSYM theory to

matrix models.

5.1.1 General considerations

In the MHS gauge sector we take the degrees of freedom to be described by the MHS
vielbein e, (x,u), which is an MHS tensor (transforms in the adjoint representation). The
matter sector can be spanned by a set of matter fields collectively denoted by v which can
be in different representations of the MHS symmetry (discussed in more detail in section

2). Correspondingly, the action is a sum of two parts,

Sle, 1] = Susle] + Sm[t, €] (5.1)
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one describing the pure MHS gauge theory, and the other the matter sector and its
coupling to the MHS vielbein. We assume that the action is weakly non-local in the
master space, by which we mean that both parts in (5.1) can be written in terms of a

master space Lagrangian

Shs,m = /dd;r du Lysm(z,u) . (5.2)

We will consider here the simplest possibilities, which are (Moyal) polynomials manifestly
covariant under the MHS symmetry. This means that Lys(z,u) is an MHS tensor, while
L (z,u) may be an MHS scalar or an MHS tensor, depending on the matter content. In

both cases the MHS invariance of the action
0:S[e] =0 (5.3)

is manifestly guaranteed. In case of a master space Lagrangian being an MHS tensor,
invariance of the action is a consequence of the trace property of the Moyal product
E| In addition, we assume that the Lagrangian is a Lorentz scalar.

From it follows that the EoM in the MHS gauge sector are

0=Fi(x,u) + T2(x,u) (5.4)
where
@ (g ) — dShs|e] @l a) = dSm[, €]
hs (> ) deq(x,u) ’ T, ) deq(x,u) (5:5)

To obtain the EoM, the trace property of the Moyal product can be used, since variations
of the fields must vanish at the boundary. This makes it equal whether the functional
derivative is "left" or "right", as emphasized in ([2.56)).

The EoM in the matter sector are given by

0= %ﬁ,e] . (5.6)
Using , and the MHS variation of Sys can be written aﬂ
0 Shs€] :/ddx dou F2 (2, u) Seeq(z, u)
:/dd:c du FL (z,u) Die(z, u)
:—/ddmdduDZ m(x,u) e(x,u) . (5.7)

L Assuming proper gauge transformations for which boundary terms vanish.
2Tt is assumed here that the MHS variation is a proper gauge transformation, in which case boundary

terms in and vanish.
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Then, from we get the off-shell identity

DiFi(z,u) =0. (5.8)
Applying D} on EoM and using we get

DT (x,u) =0 (5.9)

which states that the matter master current is (on-shell) covariantly conserved.

5.1.2 MHSYM theory

Let us first analyze the MHS gauge sector. The matter sector is studied in chapter [6]
The simplest acceptable Lagrangian term that is dynamical and has the flat vacuum

eq(z,u) = u, as a solution of the EoM it generates is

1
442

ym

Lys(z,u) = Top(w,u) % T (2,1) = Ly (z,u) . (5.10)

This is the Lagrangian of the MHSYM theory already introduced in chapter 2] The

corresponding action is

Symlé€] ~ 1 /ddx du Ty (2, u) % T (2, u)
ym
1
:492 /ddx du e, ¥ ep) * [e? % €] . (5.11)
ym

Under a generic variation de,(x,u) that vanishes on the boundary of the integration

volume, the MHSYM action transforms as

1
3Syme] =247 / d%x du {D;T" (2, u) * deq(x,u)}
ym
1
:gT d?x du DT (2, u) Seq(, u) (5.12)
ym

which means that its contribution to the EoM is

a 1 * a
Fin(z,u) =—TD; " (x,u)

ym

=L e et e w)]] (513

ym

The EoM of the pure MHSYM theory are then
Dy T (x,u) =0 . (5.14)
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It is important to observe that the MHSYM theory is classically a scale-free theory from
the master space perspective. If one takes the MHS vielbein to be dimensionless, then
the pure MHSYM coupling constant gy, is also dimensionless. Moreover, as the coupling
constant can be absorbed by rescaling the MHS vielbein, it is a theory without an intrinsic
coupling constant. In chapter [2| we have seen that in the YM formulation the theory was
not scale-free. From the general perspective we can now understand that the scale was

introduced by a choice of the empty flat vacuum. In this normalization, it is given by
(T, U)vae = lrtig - (5.15)
Note that the scale ¢}, can be changed by "canonical" scale transformations
el (x,u) = eq( Az, u/N\) (5.16)

which form a subgroup of MHS transformations. The Minkowski vacuum spontaneously
breaks a part of the MHS symmetry.

In the perspective where the MHS vielbein is the fundamental variable we can observe
nonequivalent possibilities for vacua in the MHSYM theory. They are solutions of the
EoM which satisfy the conditionlﬂ

Tap(xz,u) =0 (5.17)

We have already mentioned that the flat configuration e,(x,u) = u, is, at least from the

classical viewpoint, a well-defined Lorentz-invariant vacuum. However, it is not the case

that all configurations satisfying are MHS gauge equivalent to the flat vacuum. An

obvious example is an "empty" configuration e,(z,u) = 0 which is a fixed point of MHS

gauge transformations. To obtain some insight into the structure of vacua, let us examine
the vacua that are of the form

eq(x,u) = M u, (5.18)

where M are arbitrary constant real d x d matrices. MHS transformations preserving the

shape of these configurations have the gauge parameter master field of the form
En(z,u) = 2"A, ", (5.19)
where A is again an arbitrary constant real d x d matrix. We see that

[Eaz,u) % up] = iA, u, (5.20)

3In section we show that all conserved charges, including the energy-momentum tensor, vanish for
configurations satisfying 1]
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from which it follows that under large gauge transformations the MHS vacuum solution

eq(z, u) = u, becomes

=3 e () ¢ [Ea ) ¢ Eal ) t ] ]
o (e, (5.21)

If M cannot be written as an exponential of some matrix, the corresponding configuration
(5.18) is not MHS gauge equivalent to the vacuum ([5.15)).

Using it is easy to show that a large MHS transformation of a vacuum solution
(5.18), with a parameter in the form , produces the same type of vacuum with matrix
M* given by

MA = Me* (5.22)

where matrix multiplication is assumed. A corollary is that two vacua of the type (5.18)),
which are defined with matrices of different rank, are MHS gauge inequivalent.

This analysis sugests that the MHSYM theory contains different phases. The flat
vacuum e, (z,u) = u, describes an empty flat (Minkowski) background and defines a
geometric phase in the sense of interpretations offered in chapter[2 and [7] When expanded
around the flat vacuum solution as in the linear part of the EoM is second-order
in spacetime derivatives, and in this phase the theory has a perturbative regime (in the
coupling constant). In contrast, the configuration e,(x,u) = 0 does not have an emergent
regular geometric description and defines a non-perturbative strongly-coupled unbroken

phase (it is the only vacuum with a trivial orbit with respect to the MHS transformations).

5.1.3 Beyond MHSYM theory

We will analyze possible generalizations of the MHSYM theory, formed by additional
terms we can add to the pure MHSYM action. There is just one lower-dimensional term

allowed by the MHS symmetry for a generic number of spacetime dimensions d,

Ly(x,u) = —% g(x,u) = —% eq(z,u) % e*(x,u) (5.23)
which produces the following EoM contribution
Fiz,u) = =X e*(z,u) . (5.24)
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This term is not dynamical and has the appearance of a mass term, but in the geometric
phase it behaves as a generalized cosmological constant term (see also the discussion and
analysis in section . When added to the MHSYM action, the flat configuration
eq(,u) = 6w, is no longer solution of EoM, so this term changes the vacuum in the
geometric phase.

For general d there is one additional independent term, which is of the same dimension
as Typ(x,u) x T (2, u),

Ly(x,u) = % g(x,u) x g(x,u) (5.25)

where g(z,u) = e,(z,u) *e(z, u) was defined in section [2.3.4] which would contribute the
following EoM term

Fy(z,u) = %{g(m,u) *et(z,u)} . (5.26)
Similar to the generalized cosmological constant term, the effect of this addition removes
the flat configuration e,(x,u) = u, from the solution space. However, this term is also
dynamical and so it is interesting to see how it contributes to the linearized EoM in the

geometric phase. If we write

eq(z,u) = e (2, u) + he(z, u) (5.27)

where e (x,u) is the solution of the EoM (a background), it is straightforward to show

a )\ a a
Fywu) = 5 ({9 (,u) 1 0%, 0)} + {{el” (o,0) 1 hh @)} 1 ey u)} + O(RY))
In case of the simplest type of background belonging to the geometric phase,
e (x,u) = eH(a) u,

the contribution to the linearized EoM is at most second-order in spacetime derivatives.
If the background is not of this type, it must have an infinite Taylor expansion in u and
as a consequence its contribution to the linearized EoM have an infinite number of terms
with no bounds on order in spacetime derivatives.

Similarly, we can construct potential Lagrangian terms by taking higher polynomials
in the MHS vielbein, all of them having a higher dimension in the geometric phase in d > 4
than the terms already discussed. There are two interesting terms of a topological origin.
If the number of spacetime dimensions is even, d = 2r, there exists a Lorentz-scalar MHS
tensor

P.(x,u) = ¢bi-arbr Toyp, (z,0) %+ % Ty py (1)
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where €% is the Levi-Civita symbol. As it is a generalization of the Chern term we
refer to it as the MHS Chern tensor. It can be used to construct Lagrangian terms, the
simplest being

Lp(z,u) = Ap P(x,u) . (5.28)

Note that this term is parity-odd. In d = 4 it has the same dimension as the MHSYM

term. It is not hard to show that it is a topological term,
Pz, u) = Dy, (€m0t ey (2, u) % Togpy (2, u) %+ % Ty, (2, 0)) (5.29)

where we used and (2.87). As a consequence it does not contribute to the (bulk)
EoM, but may possibly lead to non-perturbative effects if the theory contains topologically
non-trivial configurations analogous to instantons.

If the number of spacetime dimensions is odd, d = 2r 4+ 1, we can construct the

following Lagrangian term
Leg(m,u) = erer-brer Lo (2, u) 5 Ty, (2, u) % - - - % Tpe, (2,u)} (5.30)

This tensor is parity-odd as well. From (5.29) it follows that it can be obtained as a
boundary term from the MHS Chern term. It is thus natural to call it the MHS Chern-

Simons tensor. It produces the following contribution to the EoM
Fég(z,u) = derer-tren T (,u) % - % Ty, (2, ) (5.31)

which we call the MHS Cotton tensor. In d = 3 the MHS Chern-Simons term has a lower
dimension than the MHSYM term so it dominates in the IR regime. The EoM of the

pure MHS Chern-Simons theory in d = 3 is
€Tz, 1) = 0 = Tye(z, 1) = 0, (5.32)

which shows that the MHSCS theory is topological.

5.2 Conservation laws and conserved charges in MH-

SYM theory

5.2.1 Covariant vs. non-covariant conservation laws

Here we would like to examine in more detail the question of conservation laws and

conserved charges in MHS theories, taking MHSYM theory as an example. As is well-
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known, in a Lorentz covariant theory a current satisfying the continuity equation on-shell
(i.e., with EoM applied)ﬁ
0y J*(x) =0 (5.33)

encodes a local conservation of charge defined by

Qv (1) :/Vdd—lxjo(x). (5.34)

We refer to as the conservation law. There are situations, especially when local
symmetries are present, in which the total charge identically vanishes for all physical
configurations. In the case of local symmetries such trivial charges are connected to
the proper gauge transformations. Gauge transformations usually contain a subgroup of
improper gauge transformations that are connected to non-trivial conserved charges. As
the conserved charges in gauge theories can be written as asymptotic integrals, improper
gauge symmetries are recognized by their "soft" fall-off in the limit » — co. Here we are
interested in extracting conservation laws and non-trivial charges in the framework of the
MHS symmetry.

In theories with local symmetries covariant conservation laws appear naturally. In the

case of MHS symmetry they are defined in the master space and are of the form
D:J(z,u) =0 (5.35)

where Dy is the MHS covariant derivative and J®(x,u) is an MHS (tensor) current. An
example is the matter current Jp,(x,u), defined in , which is the source in the MHS
vielbein EoM. In ordinary theories with non-commutative local symmetries, such as YM
theory and GR, a covariant conservation law does not directly imply conserved charges.
For instance, the matter energy-momentum tensor in GR is covariantly conserved, but
this does not imply conservation of the matter energy and momentum. It is possible
to construct a corresponding energy-momentum pseudo-tensor which is conserved in the
sense of , but which also contains a contribution from the spin-2 sector. In the
case of the MHS symmetry, the covariant conservation automatically generates the
conservation law ([5.33[). This is because the MHS covariant derivative is by the definition

a Moyal commutator and every Moyal commutator is a total divergence in the master

4For equalities valid on-shell we use the symbol "=". The equalities valid for generic field configurations

satisfying proper boundary conditions are denoted by the simple equality sign "=".
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space

0= DTz, u) = 0p AL (x,u) + 04 B (x,u) . (5.36)

Integrating both sides of (5.36)) over the auxiliary space and assuming that boundary

terms in the auxiliary space are zero, we conclude that

Jh(z) = / dhu A% (2, ) (5.37)

is conserved. While covariantly conserved master field currents can usually be written
in closed and compact expressions, we see from and the structure of the Moyal
product that physically conserved spacetime currents J#(x) may have a rather involved
and cumbersome form when written explicitly.

An explicit example of a conserved charge for matter fields in the MHS theory that can
be obtained in this way is the one generated by a constant improper MHS transformation
£(x,u) = € = const, which corresponds to the U(1) subgroup of the MHS symmetry. The
MHS vielbein is neutral (invariant) under its action and so does not contribute to the
U(1) charge. It is the only conserved charge with such properties that is generated by the
MHS symmetry. We now pass to a detailed study of conservation laws in the case of the

MHSYM theory.

5.2.2 Conserved currents from EoM

In the geometric phase, conserved charges are directly obtained from the EoM following
the standard procedure used in ordinary YM theory and GR. Let us demonstrate this in
the case of MHSYM theory coupled to matter whose EoM is

1
—— Dy F*(z,u) = Ta(z,u) . (5.38)

ym

We now use (2.70) and move all nonlinear terms in h,(x,u) to the right hand side, ob-

taining
ggimf)lfF(bl") (z,u) = Tz, u) (5.39)
where
F(alg (x,u) = 05 hp(x,u) — Oy ha(x, ) (5.40)
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and

T, u) =T, u) — —— (2R OFh?) — [hy T QR+ [GER 1 AY]) —

ym

e h s )] (5.41)

gym
Taking a = 0 in ([5.39)) we get
=0 Lo
T (@, u) = =07 Fj)(z, u) (5.42)
92
which is the MHS Gauss’s law, while taking the spacetime divergence of Eq. (5.39)) yields
the continuity equation

T x,u) =0 (5.43)

showing that the current J (z,u) is conserved in the master space (before integrating
over auxiliary space). From Gauss’s law ([5.42) it follows that the corresponding locally

conserved charge can be written as a surface space integral

Oy (b u) = / 1% 7z, u) (5.44)
1%
i/vdd_lxﬁfFéO)(x,u)
- fg . d"2a; FI0 (, ) (5.45)

which is Gauss’s law in the integral form. Equation (5.43)) encodes a tower of conserved
charges. To see this, we Taylor expand both sides in auxiliary coordinates around u = 0

to obtain an infinite set of conserved charges

QU = f A2 a; F 1 () (5.46)

where

JO JjOp1 - un
F (z,u) E F L) Upy - Uy

" (5.47)

n

5.2.3 Conservation laws from the Noether method

Let us now construct conservation laws by applying the Noether method. For simplicity,

we restrict ourselves to the pure MHSYM theory. First, using the MHSYM EoM

DT (z,u) = 0 (5.48)
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we conclude that a generic on-shell variation of the MHSYM master Lagrangian can be
written as

OLym(x,u) = —ﬁDZ{T“(%U) *dep(x,u)} . (5.49)
On the other hand, under an MHS variation
d-eq(x,u) = Die(z, u) (5.50)
the Lagrangian transforms as an MHS tensor,
0cLym (2, 0) = @[ Ly (z,w) ¥ e(x,u)] . (5.51)

We now use (5.49) and (5.51)) to write

0= °
C2¢2,

(D;{T“b(x, u) * Dye(w,u)} — %[Tab(x,u) * T%(z,u) * e(x, u)}) . (5.52)
As both terms on the right hand side are Moyal commutators the equation has the form
0= 0;A(z,u) + 04 B} (z,u) . (5.53)

Again, integrating over the auxiliary space and assuming that all boundary terms vanish,

we obtain a standard conservation law (in the form of the continuity equation)

£

X kS _ d
Oy gt (x) =0 ) JH(z) = /d u A (z,u) . (5.54)
The corresponding conserved charges

Q. = / d*'x JO(x) (5.55)

are non-trivial only for a small class of MHS parameters corresponding to improper gauge
transformations. It is expected that rigid variations e(z,u) = £(u), which we can expand

as

o0

e(u) = &, .y, (5.56)

n=0

with £#1#» constant and completely symmetric, fall into this class. H We have already
analyzed the n = 0 case, which does not affect MHS vielbein and so (5.52)) becomes trivial

(0 = 0). Let us now consider n > 1 cases, by first constructing covariantly conserved

5The transformations (5.56)) are surely not a complete set of improper MHS transformations. As
we know from Maxwell’s theory and GR, constant transformations are not the only ones generating

non-trivial charges. A complete analysis of asymptotic symmetries is left for future work.
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currents. For this we first have to find the covariantized form of the rigid MHS variation
(5.56]). Motivated by Jackiw’s covariantization trick [79] we see that the simplest way to

do this is by replacing u, — e,(z, u)

e(z,u) = if“l"'“”eal(w, U) * ... ke, (x,u) (5.57)
n=0

where £** is a constant tensor with symmetries guaranteeing reality of the MHS pa-
rameter e(z, u)ﬂ Now we use this in (5.52)) where we want to write the second term on
the right hand side as a covariant divergence (the first term is already in this form). We

do this by using the identity

[Aj x ... % A, * X] :Z[Aj7Aj+1*...*An*X*Al*...*Aj_l] (5.58)
=1

J

valid for generic master space functions A;(z,u) and X(z,u), to write
i[eay * ... xeq, ¥ Topx T

= Z D;]_ (eaj+1 *ookeq * T x TP xeq * ... % Gaj,l) ) (5.59)
j=1

Using this in (5.52)) we obtain
D; T (w,u) =0 (5.60)

with the covariantly conserved currents given by
%a — €b1...bn ({TQCTDZ (ebl*---*ebn)}+

1 n
+g Z(ngebﬂl xookey, k Togx T % ey * ... *€bj1)- (5.61)
j=1

The currents related to totally symmetric £bn

yabl“'bn — {Tac x ’DZ (e(bl * ... % ebn))} +
1 n
+5 Z O, €by1 X -+ - X €y, * Tl * T % ey, % ... %€y ) (5.62)
j=1

play a special role as they are obtained by covariantizing the rigid MHS symmetries.

Another reason for its special status is that they have the softest behavior at spatial

SFor e(z,u) in (5.57) to be real it has to be expressible purely in terms of Moyal commutators and/or

anticommutators. If the number of anticommutators is odd, the parameter £*""%~ is imaginary. When

410 ig completely symmetric the expression QD is a covariantization of li
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infinity (r — o0o) in the geometric phase, which means that they are main candidates for
producing non-trivial charges. Since the corresponding conserved charges are described
by totally symmetric tensors, they should be related to the charges obtained by
the previous method.

The n = 1 case in corresponds to spacetime translations, leading to energy-
momentum conservation, and is therefore of special importance. Fixing n = 1 in (}5.62)

we get the covariant master energy-momentum tensor

1
%a(x, u) = {Tac t Tbc} - 5 771? Tcd * TCd (563)

which is symmetric, and in d = 4 traceless. As expected, the obtained expression has the

same form as in non-commutative field theories |80} |81} 82, 83|.

5.3 MHSYM as a matrix theory

There is another way to represent MHS theories discussed above, which uses the connec-
tion between the Moyal product and the Weyl-ordered operator product well known from
the phase space formulation of a quantized particle. If we define the Hilbert space H with

the complete set of operators i#, 4, satisfying commutation relations
[zH a,) =ik, (2", 2] =0 = [d,, 0] (5.64)

there is a bijective map for a fixed ordering scheme (details in appendix [A.2]) between the

set of linear operators on H and the set of functions on the master space, i.e.|Z|
End(H)>0 ++— O(z,u) e C®(M xU) . (5.65)

If one defines a product of two operators with the (symmetric) Weyl ordering of x and u,
its pull-back to the master space (through the map ([5.65))) defines the Moyal product of

corresponding master space functions (symbols)
010, +—  Oy(z,u)*Os(x,u) . (5.66)

This map is such that the trace of an operator is given by the integral of the corresponding

function over the master space

~ du
tr(0) = /dd:v (;ZT)d O(z,u) . (5.67)

"One usually refers to O(x,u) as the symbol of operator 0.
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Using this map it is now evident that all models for MHS theories can be written in this
operator language, and therefore as a type of matrix modelsﬁ For example, the MHSYM
theory can be written as

B (2m)4
4gym

Sym = tr ([6q, &) (€%, €]) (5.68)

where € are operators on H, components of a vector in the fundamental representation

of SO(1,d — 1). The MHS symmetry is now represented by unitary linear operators
Us = exp(—i€) (5.69)
which act on the MHS vielbein operator as

éo — Ug e, U} (5.70)

with all operator products defined with symmetric Weyl ordering.

8For an explicit proof that the Moyal product is a matrix product see [84].

101



Chapter 6

Coupling to matter and scattering

Within the MHS framework we can also seek to describe matter fields. Our original
approach for gauging higher-spin symmetries described in section [2.1.2] started by an
appropriate reformulation of the spacetime action for a massive scalar field in the master
space language. It is surely then a valid approach to use such a formulation for matter,
which we will call minimal matter. However, this is not the only possibility.

As we have seen in chapter [2] master space fields can transform in the adjoint or the
fundamental representation of the MHS symmetry. For that reason, we can formulate
models for matter as master fields transforming in the adjoint or fundamental represen-
tation, along with coupling them to the MHS field.

We will take the first steps in calculating scattering between matter fields mediated

by the MHS field and find the results which depend on the type of matter.

6.1 Minimal matter

The first description of matter we wish to consider are known matter actions rewritten
in the Moyal product language. As described in chapter [2, where described a
massive complex scalar field, we can see that using the master space formalism we can
write minimally coupled matter actions in the form

Smlo, €] = /ddxdduTr(Wd)(x,u)*K(e(m,u))) (6.1)

where the trace is performed over Lorentz and internal indices carried by matter fields

and the Wigner function can be written as

(Wy(z,u))rs = &r() *6d(u) * ¢s(T)" (6.2)
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with r, s standing for possible tensor/spinor or other internal indices. By construction,
both the Wigner function and K(e(z,u)) are MHS tensors. It then follows that La-
grangians for minimally coupled matter, defined by , are also MHS tensors. Note
that coupling to matter in this way explicitly breaks the translational symmetry in the
auxiliary space (most easily noticed by the presence of 6@ (u) in the Wigner function).
The matter action is also formally defined for non-geometric configurations.

To understand the nature of the minimal coupling in MHS theory in the geometric

phase, we first use ([2.70]) to separate free and interacting parts of the action by writing
K(e(z,u)) = K(u) + Kint(h(z,u);u) (6.3)

where the explicit dependence of Kj,; on u is present only for bosonic fields. Coupling
to the MHS potential is linear for fermionic matter and quadratic for bosonic matter.

Substituting this into (6.1)) we get
S, h] = SV16] + S51g, h] (6.4)

where by definition S is the action for the free field and the interaction term can be

written as
S, ]—/ddxdd (¢5(2) % KI5 (2, u) x ¢g(2)) 6% (u) - (6.5)
Let us demonstrate the above construction on two important examples of matter;

Dirac and Klein-Gordon fields. In case of a complex Klein-Gordon field we have already

seen in that in the geometric phase where e,(x,u) = uq + ha(x, u)
K (e(z,u)) = eq(z, u) x e*(z,u) — m* = u* — m® + 2u’hq(z, ) + he(z,u) * h*(z,u) (6.6)
Then, following , we see that the interacting part is given by
Kint(z,u) =h(z,u) = 2uhe(x,u) + he(z, u) * h*(x, u) (6.7)

where h(z,u) is a composite object obtained from the MHS potential, already introduced

in (2.97). If we now use a Taylor expansion in the auxiliary coordinates,

h(z,u) = higgy " () Uy, -+ - (6.8)

s=0

we can find that the interacting part of the action is given by

Z / 'z I, (x) h () (6.9)
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where the spin-s currents are of the form

@) =5 > (k> (=% (95)" (@) (92)" ¢ (@) (6.10)
k=0

,[;S

=% O(x)" Opy -+ Opsip() (6.11)

Details of this calculation can be found in appendix [B.2] For concreteness, we report on

the first few currents

TN z) = ¢*(2)p(x) (6.12)
T (@) = S0up(a) p(x) — p(2) 0up()) (6.13)

J2,(x) = _71(90(56)3#1%@(1:)* — 200, () By p(x)* + Oy Oy p(@)ip()*)  (6.14)

This is the approach originally followed in [44} 43|, where the linear coupling between a
tower of higher-spin fields hé‘sl)'"“ *(z) and the simple currents li was the starting point.
The authors mention in [43] that their HS fields could be composite, and here through
(6.7) we see that explicitly while arriving at the same simple currents through a Taylor
expansion of the composite field h(z,u).

In case of the Dirac field ¥ (z) we have
Kini(,u) = =77 ha(2, u) . (6.15)

Taylor expanding the MHS potential h,(x,u) as in (2.70)) and following the same steps

for explicitly writing down the interaction part of the action one gets
S = 3 [ T () B 2) (6.16)
n=0

where the HS currents ([3, 67]) are given by

‘n o

T ) = 52 BN B+ Bpla). (617)

6.2 Master field matter

Another way to couple matter in an MHS symmetric way is to describe it by master fields,
¢(z,wu). This type of matter is necessary if one wants to introduce supersymmetry in the

approach of [85]. The simplest representations are adjoint and fundamental.
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6.2.1 Adjoint representation

Matter in the adjoint representation is described by MHS tensors, which means that the

MHS covariant derivative is given by
Dip(x,u) =ileq(x,u) ¥ p(x,u)] . (6.18)

In case of minimal coupling the action is then constructed in the standard way, by substi-
tuting 92 — D7. This type of matter shares some properties with the MHS gauge sector
action: the master fields are real, actions are also defined in the non-geometric phases,
and they can be written in the form of matrix models.

Let us apply this to the free Majorana spin-1/2 field ¢(x,u). The MHS action for
minimal coupling is

Sy, e] = %/ddac dup(z, u) * (iy*DE — M)ap(x, u) . (6.19)

In the operator formulation this is

Sule) = L2 b (Do) + M0 (6.20)

In case of a real scalar field the minimal coupling is described by the following action

Sslp, h] = /ddw d'u [11™(Dyp)* * Dy — m*0* % ¢ = Vi (9" x 9)] . (6.21)

6.2.2 Fundamental representation

Matter in the fundamental representation of MHS symmetry transforms as
be(w,u) = €750« §(a, u) (6.22)

from which it follows

b (,0)" = B, u)" x££ (6.23)
In the YM-like formalism the MHS covariant derivative in the fundamental representation
is
Dip=070+1ih,xo. (6.24)
It is simple to check the MHS covariance
(D;¢)" = e x Dy . (6.25)

105



MHS invariants are constructed by Moyal-sandwiching MHS tensors between ¢* or
(Dx¢)* from the left and ¢ or D*¢ from the right. Using these invariants we can produce
candidates for Lagrangian terms, with minimal coupling defined in the usual manner by
a substitution of MHS covariant derivative for partial spacetime derivative in free field
actions.

However, minimal prescription based on can be defined only in the geometric
phase. In addition, it is not natural from the the perspective of a matrix model formula-

tion. These shortfalls can be avoided by using the prescription
Bp(x,u) = te,(x,u) * p(z,u) . (6.26)
From the relation
ieq(r,u) % d(x,u) = tugd(x,u) + %affgﬁ(:c, w) + i h(z,u) * ¢(x,u) (6.27)

it is obvious that it differs from (6.24)). To understand the origin of this degeneracy of
minimal prescriptions, let us consider an example of the master Dirac field ¢(x,u). In

this case it is easy to show that
_ i i _
— Yy x e, x 1 = §w'y“ * D¥p — §D;w * Y + ughyt * 1 . (6.28)

The first two terms on the right hand side produce the master Lagrangian kinetic term
which one would obtain by the minimal coupling prescription based on (6.24)), leading to

the action
Spilt,e] = /dda: dw(z,u) * (iv* D — M)p(z, u) . (6.29)

On the left hand side of (6.28)) is the expression which takes natural matrix model form

when used in the action

Spalth, &) = =Tr (d(1°¢, + M))) (6.30)

and is formally defined for all phases of the MHS theory (it also takes care of hermicity by
automatism). The two actions differ already at the free field level, i.e., for hy(z,u) = 0.
We now see that the difference between Lagrangians in two prescriptions is the third term
on the right hand side of which is an MHS scalar. Its existence is a consequence

of the fact that Lagrangian terms for matter in the fundamental representation are MHS
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scalars, which means that they can be multiplied by functions of the auxiliary coordinates
without breaking any of the important symmetries[T]

Let us mention that mater fields in the fundamental representation have an additional
peculiarity in that the rigid MHS variations with n = 1 (s = 2) act differently than in the

case of the MHS vielbein and previously discussed realizations of matter,

Ocy@ = — iUy, x ¢
. et v
=—ic uub—;@ugb. (6.31)
We see that it does not describe spacetime translations. One consequence is that the

MHS transformations in this case can be consistently truncated only to the lowest spin

sector (n = 0) when master fields are Taylor-expanded around u = 0.

6.3 'Tree-level scattering

The most accessible results we can obtain as potential observables are the scattering
amplitudes in the lowest perturbation order. We will construct the Feynman rules for the
MHS sector and the matter sector. We have already seen that the MHSYM action in the

geometric phase, when linearized, becomes quite similar to the action of Maxwell’s theory

1
S == g [ A ) ). (6:32)

ym 49§m
If we now pass to the dimensionless auxiliary coordinates, as introduced in ([2.62))

u = ghu 5 gym = g;ll/ngm ) Ba = ha/gym (633)

and restrict our attention to d = 4 in which the coupling constant becomes dimensionless,

we can rewrite the linearized action as

ym

1 _ _ _ _
S =5 / d*x d*u (0,hy(z, 1) — Opha(z, ) (0RO (x,w) — O°h(x, 1)) . (6.34)
By using an orthonormal basis of functions in the auxiliary space {f.(a)},

/ 0 £,(3) £.(3) = 6, (6.35)

LOf course we should be careful not to break symmetries which we would like to preserve, such as
Lorentz symmetry and translations in spacetime. The symmetry under translations in the auxiliary space

is broken by such multiplications, but we choose not to protect this symmetry.
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to expand master fields as

ha(w, @) =Y hD(x) f,(a) (6.36)

we can obtain a very simple expression for the linearized action
1 r 7(r — a7 (s s)a —
Sﬁg /d4a: d4uz fr(a) fs(w) (0 h( (z,7) — Oyh") (x, @) (0°h Db (x, @) — "R (x, 7))
=5 Z(”s [ @) ) — Ol 1) OB ) — PR (). (637

Owing to the formal similarity to Maxwell’s action, we find a simple expression for the

propagator
Dy (k) = iD™5, (6.38)
where DC(L?ED) is the usual propagator in quantum electrodynamics. For tree-level dia-

grams, this is the only Feynman rule we need regarding the gauge sector.

6.3.1 Minimal matter

We take as an example a single Dirac field ¢(z) coupled to the MHS gauge field as in
(6.1). By using the integral representation of the Moyal product (A.13) the interaction

term becomes

SpanltsF) == g Y [ s [[dtuda) « v (1) @) o (0)] w00 50

- Yy ddk ik x—l—% T,
¢(x+§) :/(%)de @+2) W (k) (6.39)
z ddk/ ik (z+2 /
Y+ 2) = / e W) (6.40)
W) = [ e B @ (6.41)

and we can rewrite the interaction term as

—k

)k

(6.42)

4k ddk’ d%q , K
Soinlth] = = Gon 3 / i K+ R B (@)
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The easiest way to determine the Feynman rules for the vertices is to compare this ex-

pression to the interaction term in QED, rewritten in momentum space

Sompamli, Al = — ¢ / a2y A (1) (2)

o / dik i diq
B (2m) (2m)? (2)

5Dk + K + )0 (k)" Aa(q) ¥ (K)

We now recognize that the vertex of the minimal coupling of simple matter to the MHS
gauge field contains the same structure as in QED multiplied with a momentum dependent

function,
kK —k
2

‘/;a(k:7 k/) = Z.gym'yafr(gh ) . (643)

The basis functions (e.g. Hermite functions) vanish in the limit || — oo faster than any
power, making the UV limit soft. The formula for the MHS vertex factor suggests
that the UV behavior of the MHSYM should be better than in QED.

We wish to consider the simplest amplitude for an elastic scattering of fermions f; fo —
f3f1, and for that purpose, there are two relevant Feynman rules, explicitly stated with
their non-trivial momentum dependence (straight lines are fermion lines, while the wiggly

lines correspond to the MHS field).

e Incoming particle with momentum p;, outgoing particle with momentum ps
2

 a PLtp
>w- = 1Gym"Y fr(_gthQ) (644)

1
e Incoming antiparticle with momentum p;, outgoing antiparticle with momentum ps

2

. +
>\4\~ = 1Gym7 fr(ghp2 9 pl) (645)

1

The fermion propagator as well as external lines are the same as in QED.

The t-channel amplitude corresponds to the following diagram
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whose contribution is

. . a + _ —1 a 57”5 - +
iM; :Zu(pl)lgym’Y fr(—ghlw)u(}?g)LQu(pg)zgymfybfs(—ﬁhp2 p4)

;. 2 (p1 — p3) 2
_A4QED B pl +p3 pz + D4
=iM; Z Orafr(—L V(0=
Oy
= MQED(S ( 5 ( pP1+pP3s—p2— p4) (646)

where M?ED is of the form expected in electrodynamics and where we have employed

the Feynman gauge and used the completeness relation

> 4r(a) 0) = 6" ). (647
We can also use the momentum conservation condition

pL+D2=Dps+ D (6.48)

to finally express

iM, = iMEEL 5D (Crh(ps — p2)) - (6.49)

The u-channel consists of replacing 3 <> 4, which enables us to write down the full tree

level amplitude

iM =i(M, — M,) (6.50)
=i(MPEP5D (04 (ps — pa)) — MEEPSD (U, (ps — p2))) (6.51)

It is vanishing unless the set of momenta in the final state is the same as the set of
momenta in the initial state. This result is expected from the viewpoint of the Coleman-
Mandula theorem, despite the fact that MHS theory does not fulfill all assumptions of
the theorem. The result is also interesting from the perspective of the search for the dark
matter candidates in cosmologyﬂ

The presence of the Dirac delta functions in the amplitude is a feature shared by

recent approaches to constructing a higher spin theory in flat spacetime under the name of

2For recent speculations that higher-spin particles may describe dark matter see [6].
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chiral higher spin gravity. In particular, in [87] they have identified appropriate algebraic
structures for n-point amplitudes of higher spin fields in flat spacetime using the spinor-
helicity formalism. It was argued that higher spin amplitudes should be distributions of
momenta supported only on the vanishing values of the Mandelstam variables, and they
support this claim by identifying inside the amplitudes a delta function dependence on
the spinor-helicity variables related to field momentum. Similarly, they conclude that the
amplitudes are non-vanishing only for collinear momenta.

Focusing our attention on (6.47), we could envisage a way out of the appearance of
Dirac delta functions by an appropriate restriction of the possible MHS particles allowed in
the interaction. So far, we have identified a single consistent reduction of the configuration

space of the MHSYM theory and it comes from restricting to odd functions in the auxiliary

space e4(x, —u) = —e,(z,u) ("truncation to spin-even sector"). In this case the basis
functions f,(u) are also odd, f,.(—u) = —f.(u), and the completeness relation becomes
1
Z f(@) f:(0) = 5 (6% — o) — 0%a + 1)) . (6.52)

The t-channel amplitude is now
1 /
M, = §M§QED) (0% (bn(p1 — 1)) — 04 (n(pr +1p2))) - (6.53)

The main conclusion, that the amplitude is ultralocal in momentum space, remains the

Same.

6.3.2 Master space matter in the fundamental representation

We take that matter is represented by a single master Dirac field ¥ (x,u) in the funda-
mental representation of the MHS symmetry (see Sec. [6.2). The free action is simply

Spolt] = / '3 4%, 1)y O (, @) (6.54)

while the interaction term is

Spint[¥, h] = — Gym / d%x d%u ) (x, 1) * (yaha(x, 1])) *x(x, 1)
= — Gym / d*z d*u Tr (¢ (z, @) Pz, 0)y*) ho(z, ) (6.55)

where Tr denotes the trace over spinor indices. Now we also expand the master Dirac

field in the orthonormal basis in the auxiliary space

Z vx) fi(a) (6.56)
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where [ is a spinor index. The basis used for the matter field does not have to be the
same as the one used for the MHS potential.

The interaction terms can give us the Feynman rules for the vertex in the same way,
we evaluate the Moyal products and pass to the momentum space
dk dK' diq
(2m)? (2m)? (2m)

O (R B (@9 (K)f 0~ ) 0+ g () (6.58)

Spnt[¥); ] = —Gym / d'u (6.57)

Again, we find a momentum-dependent vertex function

Vi (kK = ~Gn [ g (a = 6.5 @+ 65)5,(0) (6.59)
Following the same steps as above, we can approach to calculate an amplitude for a
scattering of the form ff — ff. The momentum prescriptions would also follow (|6.44))-
(6.45). For the t-channel diagram with momenta labeled as in , we obtain the
amplitude

M, = MIQED) 2l (6.60)

where

ii h h;
A =37V (0, 1) V) (pa, p2)

T

14 14 14 14
= [ dagi @ Geofiat ) [+ s+ Se0 Y A0

2
D U Y A
= [t gy @ ) flat S fulas L) fulat S (6.:61)

In passing from second to third line the completeness relation was used. The u-channel
contribution to the amplitude is obtained from and (6.61) by exchanging p] <> pl

and 71 <> i5. The total tree-level amplitude is
Mtree = Mt - Mu . (662)

There are no Dirac-delta functions which are present in the case of simple spacetime
matter. The integral in (6.61)) is convergent and, due to the asymptotic fall-off of functions
fi(@) when |u| — oo, the MHS contribution certainly makes the UV behavior softer when

compared to the standard spinor QED. The basis functions can be chosen in the form

fo(@) = P(a)e @™ (6.63)
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where P, are polynomials. Using this in (6.61) we can conclude that 4-point amplitudes

will have the following form

y 2 <&
A = P (yp) exp (——g Z ) : (6.64)

where P() are polynomial functions including a normalization factor from the @ integra-

tion. The exponential factor makes the UV behavior much softer compared to QED.
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Chapter 7

Low spin sector and induced geometry

To gain more insight into the structures inside the MHS theory, we now focus on the
low spin sector; meaning the first two terms in a Taylor expansion of master fields in the
auxiliary space. This truncation is consistent at the level of equations of motion since the

MHS algebra is closed under variations with such truncated parameters;
[0c15 0e5] = difeyrer) » (7.1)

and if e1(z,u) = €;(z) + &l (x) v, and eo(x, u) = e2(z) + &5 (x) u, we find
ilea ¥ e1] = (eY0,€0 — €h0uer) + (€70, — €50, ), . (7.2)

With an identification of geometric structures appearing in the low spin equations and
the MHS covariant derivative, we arrive at an induced geometric picture and display the
relation to teleparallel geometry. Finally, we find additional exact vacuum solutions to

the equations of motion which are of the form motivated by the Minkowski vacuum.

7.1 Emergent geometry in the MHS theory

We have seen in chapter [0] that the minimal way to incorporate interacting matter in-
side the MHS framework leads to the picture in which matter perceives spacetime fields

obtained by Taylor expanding the MHS vielbein in the auxiliary space

eal,u) = Y el @) gy, (7.3)
n=0
as a HS background. From this viewpoint the lowest two components, el (x) and el (x),

play the roles of the U(1) potential and the emergent spacetime vielbein, respectively. In
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this section we focus on the low-spin sector n < 1 (s < 2), with the goal of finding out
what sort of spacetime geometry emerges from the MHS framework.

For this reason we write the expansion in the form
eq(T,u) = Au(z) + B () uy + .. (7.4)
and similarly for the MHS variation parameter
e(x,u) =€e(x) +e(z)u, + ... (7.5)

and in all expressions ignore higher spin components (with n > 1) denoted above by
ellipses. We noted in chapter {4] that the truncation to the low-spin sector is apparently
consistent at the level of MHS symmetry and EoM. However, we should keep in mind that
such truncated configurations are not physical (see section , so our findings based
on this truncation serve only as a small window to possible geometric underpinnings of
the MHS theory.

If B(z,u) and C(z,u) are generic master fields, their Moyal bracket truncated to the
low spin sector,
JC(z,u) 0B(x,u) 0B(xz,u) 0C(z,u)

Oxt ou,, O ou,, +

=—{B(z,u),C(z,u)}pp + ... (7.6)

i[B(x,u) * C(z,u)] =

is given by the Poisson bracket, where the master space plays the role of the phase space.
From ([7.6) it follows that the set of spin-2 truncated master fields is closed under the
Moyal bracket. The Taylor expansion of (7.6) is given by

i[B(x,u) * C(z,u)] =B} () 9,C0)(x) — Cy(z) 0, By ()
+ (Biy () 0,1 (@) = Ciy(2) 0, B}y () )y + ... (7.7)

=Lp,,Co) — Loy, Bo) + (£B(1)C(1))HUM +... (7.8)

The last line is obtained by recognizing the differential-geometric structure, with Lie
derivatives treating B(g)(z) and Clg)() as scalar fields and Af},(z) and Bf(z) as vector
fields on the spacetime manifold. We will see below that this is generally true in our
construction — all expressions truncated to the low-spin sector (s < 2) are going to be

diff-covariant.
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Let us apply this to the MHS variation of the MHS vielbein (2.71]). Using ([7.4)), (7.5))
and ([7.8) we obtain that the low-spin spacetime fields transform as

We now see that the MHS variation with n = 1 acts as an infinitesimal diffeomorphism
defined by
' =t + et (x) (7.13)

under which E,*(x) behaves as a set of vector fields, while A,(x) behaves as a set of
scalars. Assuming that the frame E,*(x) is regular, i.e., there exists a co-frame E%,(z)
satisfying

B (2)ES (2) =67, Bl (2)E)(z) =" (7.14)

I

an MHS variation with n = 0 acts on A,(z) = E*,(z) A.(x) as
0A,(z) = —0,e(2) (7.15)

while the frame E,*(z) is invariant. Taken all together, E,*(z) can be identified as the
(inverse) vielbein, while A,(z) can be identified as a U(1) gauge potential vector field in the
non-coordinate basis of the vielbein. The n = 0 MHS variations are infinitesimal U(1)
gauge transformations, while n = 1 MHS variations are infinitesimal diffeomorphisms.
Note that this interpretation is only valid in the geometric phase, in which the frame
E.*(x) invertible, to which we now turn our attention.

A word of caution is necessary here. If we keep higher spin contributions, the diff-
covariant structure, at least as defined in the standard way, is apparently lost. This can
be traced to the mixing (or twisting) of the HS transformations. These effects can be seen

by analyzing n = 1 finite (large) MHS transformations of MHS tensors,
E(x,u) = EH(z) uy, (7.16)

where for the sake of simplicity we assume that the n = 0 component of the MHS tensor
is vanishing

Xo. (z,u) = XM(2) u, + O(u?) (7.17)
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From the definition of large MHS transformations
X6 (z,u) = e @w) Xap.(x,u) * el (7.18)

and the Baker-Campbell-Hausdorff formula it follows that the spacetime vector field

X (x) transforms as

(X = (exp(Le) X)) + ... . (7.19)

Q...

This should be compared with the diff-transformation of a vector field
V') = 0.t (@) V(@) ™= (M) (7.20)

The large MHS transformation ([7.19)) is a diffeomorphism, where the connection between
parameter fields seems to be given by

#(a) —av =3 S v

T iy (7.21)

E(x)-0
We have checked this relation up to the quartic order 88, 89]. We see that large MHS
transformations in the spin-2 sector are indeed finite diffeomorphisms, but that the natu-
rally defined parameters of the two descriptions are related in a complicated way given by

(7.21)). Let us now analyze the metric, whose low-spin components in the MHS framework

are naturally obtained from (2.90)). The result is

g0y (@) = %Aa(x) A(z) + %ayEa“(x) D™ () + ... (7.22)
9y (@) = E¥(z) Aa(z) + ... (7.23)
Yioy(x) = E™(2) B () + ... . (7.24)

Relations ([7.23)-(7.24)) confirm the identification of

At (x) = E*(x) Au(x) (7.25)
as a U(1) vector potential, F,*(x) as a vielbein and

9" (x) = E"(z) Bo"(x) (7.26)

as the (inverse) metric tensor. The terms on the right hand side of ([7.22)) are responsible
for producing the seagull interaction terms when a Klein-Gordon matter field is minimally

coupled to the MHS field.
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To explore a possible induced geometric picture, we define a linear connection by
demanding compatibility between the linear part in the expansion of the MHS covariant

derivative (7.8) and the induced geometric covariant derivative

(DiV)y (@) = (B 0,V = V0, B ") = E,Vv, Ve, (7.27)

from which it follows that the induced covariant derivative of a vector field should be
given by
(Ve V)= E'V, V' = (£g,V)". (7.28)

Multiplying by E®,(x) we finally obtain
Vv,V =E" (£E,V)"
=0,V! + E0,E, VP . (7.29)
This means that the MHS symmetry induces the following linear connection
', =E 0,E, = —E*,0,E," . (7.30)

The obtained linear connection is very much different from the Levi-Civita connection.
For one, the torsion tensor is generally non-vanishing, as it can explicitly be checked that
Tupl/ :]-—Wup - F'upu
:fupu = EapEbl/&uaba (731)
where &+ () is
guab = ('£EaEb>M - gcabEcu . (732)

&°ap(x) are known as coefficients of anholonomy. As a consistency check, let us calculate

the n = 1 component of the HS torsion. It is easy to show that it is given by
T (2) = €4 () + ... (7.33)

which is consistent with (7.31]).
Also, the linear connection ([7.30)) is not metric compatible, the nonmetricity tensor
being
QN =V, g" =TV g™ + T ) g™ =T, + T, (7.34)
which is generally non-vanishing. Note that the nonmetricity tensor is not independent

but is fully (algebraically) expressible in terms of torsion. The same is true for the
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Riemann tensor, given for a general linear connection as (see e.g. [60] or [90] for a general
exposition)

Rp,ucn/ - aan,uz/ - ayrp;w + Fpnarn,uu - Ppnurnuo (735>

for which it can be shown that it can be expressed in terms of the torsion tensor and its

covariant derivatives
Rp@;w = VMTPGV - VVTPH;L - Tpoz,uTaeu + Ta@,quay - Ta,ul/Tpea : (736>

Note that the usual algebraic symmetries of the Riemann tensor for a Riemannian con-
nection are not all present if torsion is non-vanishing [60]. Let us also calculate the spin

connection in the geometry induced by the MHS construction. The simplest way to find

it is to use
A%, = £,V B . (7.37)
Using ((7.30) we get
A%y = B BT )y =T (7.38)

We see that Agp, is not antisymmetric in its first two indices, which is a manifestation of
metric incompatibility. Again, we see that the induced spin connection is fully determined

by the torsion.

7.1.1 Connection to teleparallelism

We have seen that the induced spacetime geometry found in the s = 2 (n = 1) sector
of the MHS theory seems rather unusual. The linear connection is metric-incompatible,
and both the torsion and the Riemann tensor are non-vanishing. It is in fact closely
related to teleparallel geometry. The key observation is that there is only one independent
fundamental tensor, the torsion, and all others are expressible in terms of it.

Let us first briefly review the concept of distant parallelism or teleparallelism [ Let us
assume that a differentiable manifold is equipped with a linear connection Iy, which is
not symmetric. Teleparallelism is a requirement on the linear connection that there exists

a frame of vector fields (an inertial frame) E,*(z) that globally satisfies

VB =0,B,° +T1%,,E =0. (7.39)

'For a detailed exposition of teleparallel geometry and gravity see the book [91].
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From the definition of the covariant derivative it follows that the linear connection is given
by

ag
F+pu

— E,0,E, = —E°,0,E,° (7.40)

which is known as the Weitzenbock connection. If the metric is defined by taking the

inertial frame as the vielbein

9" = n"ES By (7.41)

then from ((7.39)) it obviously follows that the Weitzenb6ck connection is metric compatible
Vg =0 (7.42)

An outstanding property of the Weitzenbock connection is that its corresponding spin

(Lorentz) connection is vanishing

—gbu = EbUV/LEaJ =0 (743)

for inertial frames. Inertial frames are related to one another through global Lorentz

transformations,

EM(x) = ASEY (z) . (7.44)
Note that by performing a local Lorentz transformation
B (x) = A (z) By (x) : 0N # 0 (7.45)

one passes to a non-inertial frame which does not satisfy (7.39)). As a consequence the

spin connection in the transformed frame is non-vanishing but still trivial (i.e. flat),

A — Ao (7.46)

by

It follows directly from ([7.43|) that the Riemann tensor also vanishes
ibul/ = 0 (747)

which, as a consistency check, one could also show using the Weitzenbock linear con-
nection. This means that, beside the metric, the only nontrivial fundamental tensor in

teleparallel geometry is torsion, which is given (using the inertial frame) by

B _H T
T, =T, —Th,

— ¢t (7.48)
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where the anholonomy ¢ was defined in ([7.32)).

The simplest Lagrangians of teleparallel gravity theories are of the form [92]

S = [ @B (@ T T + aTLTL + T8, T) (7.9
It can be shown that if one takes
1 1
1 = Zl s Co = 5 s C3 = —1 (750)

then becomes equal, up to a boundary term, to the Einstein-Hilbert action. The
theory based on this action is usually called the teleparallel equivalent of General Rela-
tivity (TEGR). One of the advantages of the teleparallel formulation (over the Einstein-
Hilbert one) is having a manifestly diff-covariant Lagrangian which contains derivative
terms only up to first order. Teleparallel gravity theories were first studied by Albert
Einstein already in the 1920’s [93].

Let us now finally connect the geometry emerging from the MHS symmetry with
teleparallel geometry. Comparing their respective linear connections, and ,
we see that

e, =14, (7.51)

i.e., our linear connection is the opposite of the teleparallel one. It is then not strange
that torsions are related by

™,,=-T% (7.52)

vp *
This means that the covariant derivative induced by MHS symmetry can be written in

terms of the covariant derivative of teleparallel geometry
V=V,-T,. (7.53)

Using and we can express any covariant expression in the teleparallel ge-
ometry as a covariant expression in the opposite of teleparallel geometry. As a special
case, it means that a manifestly covariant EoM in the emergent MHS geometry can be
expressed as a manifestly covariant EoM in teleparallel geometry, and vice versa. This
will be important below in the discussion of s = 2 sector of EoM in the MHSYM model.

Teleparallel gravity can be obtained by gauging the group isometric to the group
of spacetime translations [94, (95, 96]. As the global MHS transformations have such a
subgroup (n = 1 sector), it is not surprising that there is a connection between the MHS

theory and teleparallel gravity.
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7.2 MHSYM model in the s < 2 sector

In view of the preceding discussion on the induced spacetime geometry in the MHS con-
struction, it is interesting to study the s < 2 sector of EoM of the MHSYM model. We
put (7.4) into the MHSYM EoM

DT (z,u) = 0 (7.54)

and take into consideration only the purely s < 2 components. The s = 1 component of
the EoM is given by
0= EY0,F — 9, A, + ... (7.55)

where F is the 2-form field strength of the spin-1 U(1) spacetime vector potential 1-form
A ie.

Fu =E*E)F,, = EEY (0,4, — 8,A,)
—E,0,A, — By 0, Ay + Ap 4y | (7.56)

The s = 2 component of the EoM is
0= E,/0,&M — ¢, Byl 4+ ... . (7.57)
After some manipulation we can rewrite this equation in the equivalent form

0= E) 0,¢% —¢o e 1 (7.58)

Also, using ([7.58)) and (7.56|) we can write the s = 1 EoM component (7.55) as

0= FEy0,F* — " Fy + ... (7.59)

which is manifestly U(1)-gauge invariant.

Terms denoted by ellipses, and also complete s > 2 components of EoM, vanish if all
s > 2 components of the MHS vielbein vanish. This is a consequence of the fact that the
MHSYM theory can be consistently truncated to the low-spin (s < 2) sector at the level
of EoM (though we keep in mind limited applicability of this approach for a complete
description of the MHSYM theory).

Let us rewrite the low-spin EoM within the framework of teleparallel ge-
ometry by using and the fact that in teleparallel gravity the Lorentz connection is
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vanishing in inertial frames so the Lorentz covariant derivative is simply the coordinate
derivative

gr=0, =  If=E",. (7.60)

I

Using all of this we can write as
D F" + T F, =0 (7.61)
which is now fully diff- and U(1) covariant. Similarly, becomes
DT + T8, T =0 (7.62)

which is manifestly diff-covariant. We stress that in this form all objects in and
should be calculated using the Weitzenbock connection. In other words, they are
formally written within the realm of teleparallel gravity, and not the geometry induced
by the MHS symmetry.

The equation was first written by Albert Einstein in 1929, with a motivation
to unify electromagnetism with gravity [93|.ﬂ Einstein observed that it is not possible
to write a diff-covariant action which produces as its EoM inside the realm of the
teleparallel geometry, because the left hand side is not covariantly conserved (in particular
it does not belong to the class of theories defined in ((7.49))). It is amusing that we obtained
EoM from an action principle by truncating the MHSYM theory.

7.3 Classical vacuum solutions
The complete (non-linear) EoM of the MHSYM theory with no source is
DT (z,u) = 0 (7.63)

or explicitly
(2, u) % [e*(z,u) * e’ (z,u)]] = 0. (7.64)

The simplest solution of the Yang-Mills case, as we have seen in (2.77)) is given by the
Minkowski background
eq(z,u) = uq = ohu, . (7.65)

2For this reason he added by hand one more equation to EoM in an attempt to project out unwanted

degrees of freedom. Already in 1930 he abandoned this attempt.
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We can use the the Minkowski background as a motivation to examine more general

vacuum solutions and seek for them in the following form
eq(x,u) = B (x)uy, . (7.66)

As we’ve argued above, the equations of motion and the gauge symmetry are consistent
if we restrict our attention to fields linear in u,, which we already dubbed the "spin 2"
sector, however, our motivation here is more inclined towards exact vacuum solutions than
truncated configurations. We will examine possible solutions in the pure Yang-Mills case

as well as the case with a non-vanishing cosmological constant as introduced in chapter

Bl

7.3.1 Spherical background solution for MHS Yang-Mills theory

We use the proposed form for the background solution (7.66)) and insert it into the
MHSYM EoM ([7.64). Only the linear terms in u, survive and we arrive at

B 10,87 — ¢h°9, F,Y =0 (7.67)

where ¢H%0 = Fwg, E% — E"(0,E% was already introduced in (7.32). Latin indices are
raised /lowered with the Minkowski metric 7,,. We will seek for a spherically symmetric

solution, and for that reason we introduce an Ansatz:
E(t, @y, z) = diag(a(r), B(r), B(r), B(r)) (7.68)

Where r = \/x? + y? + 22. It is straightforward to insert |D into 1} and calculate

the necessary equations. Of the 16 field equations, the non-trivial are:

50 (~a) - 22} s =0 oy

Br) (B'(r) (22* +y* +2°) +r (y* +2%) B"(r)) +r (v* + 2%) B/(r)* =0 (7.70)
B(r) (8'(r) (2% +2y° + 22) +r (2 + 22) B"(r)) + 1 (2* + 2°) B'(r)* =0 (7.71)
Blr) (B'(r) (2° +y° +22°) + 1 (2® +4°) B"(r)) + 7 (2% +¢*) B'(r)? = 0 (7.72)
B(r) (B'(r) —rp"(r)) —rf'(r)> =0 (7.73)

where prime stands for the derivative against the argument of a function. Equations

(7. 701{7.72)) lead to the condition
B(r) (28'(r) +rB"(r)) +rp'(r)* =0 (7.74)
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which we can insert into ((7.73)) to obtain a simple equation for 5(r).

B(r)B(r) =0.

Thus B(r) = B is a constant. Upon using this solution and inserting it into (7.69)) we
finally obtain

a(r)= D+ g (7.75)

where C, D are integration constants.
The geometric interpretation developed in the previous section enables us to use the
obtained solution and compute the induced metric ([7.41]

1 1
di? + — (da® + dy* + d2?). (7.76)

ds* = ———
T (9P B

We can calculate the curvature tensors following the definitions (7.3017.36). The connec-
tion is fundamentally not free of torsion, and one has to be careful not to use expressions
ordinarily useful in general relativity. As an interesting result, we report the value of the

Ricci scalar
4B?C?
R=—r——. 777
r2(Dr + C')? (7.77)

We can see that the singularities r = 0, —% are not coordinate artifacts.

7.3.2 Spherical background solution for MHS Yang-Mills theory

with a cosmological constant

In the more general MHS model which we explored in chapter [5] the equation of motion

contains an additional linear term in the MHS vielbein
(2, 1) % [e(z,u) * e(z,u)]] = \eb(z, ) (7.78)

The theory is changed substantially with A\; # 0 with respect to the pure MHSYM, as
now the Minkowski background is no longer a solution. We can again consider finding a
background solution in the form of ((7.66)), and the feature of having only linear terms in

u,, remains. We arrive at the field equations

E 10,7 — ¢rbg, B, = M E™ (7.79)
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where again £4% = Ev9,E*" — E"9,E*. A spherically symmetric Ansatz as (7.68|) can

again be used, and with it the non-trivial field equations are obtained as

50 (~a'80) = 25000 - 601’ ()) = ~hia) (730

(v + 2)rB'(r)” + B(r) (227 + 4 + 22)B'(r) +r(y* + 2°) 8" (r)) = 4° Ay (7.81)
(@2 + 2B (r)? + B(r) (22 + 2% + 2B (r) + r(z® + 2)B"(r)) = 48N, (7.82)
(@® + g )rB'(r)? + B(r)((2* +y* +222)8'(r) +r(2® +y°)8"(r)) =4\ (7.83)

—rf'(r)? + B(r)(8'(r) =" (r)) = 0 (7.84)

We can proceed to find a solution in the same way. The combination of (7.81|-{7.83)) leads

us to the conclusion

2r 3 (r)” + B(r) (8'(r)4r* +2r° 8" (r)) = 12r°), . (7.85)
rB'(r)* + B(r) (28'(r) + 18" (r)) = 6r;. (7.86)

Along with we can obtain a differential equation for 5(r)
B(r)B'(r) = 2rA;. (7.87)
We solve it and find the solution for
B2(r) =220 (r* —c1) . (7.88)
Now we insert this solution into and find a differential equation for «(r)
& (r)(r? — ¢1) + o (r)(3r — 2%) —2a(r) =0. (7.89)

The solution to this differential equation is not too difficult to find, and it is given by

a(r) :% cos <\/§ arccos (\/%)) + %sin (2\/5 arcsin < % . \/%TJ) (7.90)

We can also examine the special case when the integration constant ¢; vanishes. Then
it is obvious from (7.88)) that A\; can be only positive. The differential equation for a(r)
becomes simpler

r2a”(r) + 3rad/(r) — 2a(r) = 0. (7.91)
The solution for a(r) is now given by
o(r) = ds V3t 4 dgrmV5L (7.92)
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With the solutions for a(r) and 5(r) it is straightforward to calculate the curvature

tensors. The explicit expression for e.g. the Ricci scalar in the ¢; = 0 case is

2d; ((5v/3 — 24) dyr®/% 4 5v/3d, )

R - —2)\1 D)
(613’1"2\/g + d4)

5 (1+v3) (7.93)

Specifically, there are two cases in which the Ricci scalar becomes constant;

Rl =-M10(V3-1) (7.94)

d3=0

R

=M 10(V3+1). (7.95)

4=0

The spacetime element in these two specific cases becomes

1 1
2 __ 2 2 2 2
ds® = _—(d3)2r2\/§—2dt + (2)\1T2)(daz +dy” + dz7) (7.96)
) r2V3+2 ) 1 ) ) )
ds* = — e dt” + 27 (dx* + dy” + dz*) (7.97)

We can conclude that the addition of the "cosmological constant" term on the action for
the MHS model admits background solutions whose scalar curvature is constant, a feature

shared with spaces of maximal symmetry.
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Chapter 8

Conclusion and outlook

We have realized a gauging procedure of the higher-spin symmetries (2.2)

o0

dep(w) = Z(_Z->n+1€m‘..un O+ O, @) -

n=0
The appearance of the Moyal product in our construction can be seen as a way to close
the algebra of symmetries in case we promote the variation parameters to functions on
spacetime. Then, the gauge algebra is given by a Moyal bracket of functions on the master

space (31
[551,552] = 5i[61f62] :

A complete realization of our gauge field off-shell was done on a master space, on which
we have formulated a Yang-Mills-like theory. Differently from a deformation program of
finding interacting theories from known free theories, we have relied on symmetries of our
gauge field and identified the general MHS covariant construction. This allowed us to
see that there can be different phases of the theory, of which only one corresponds to the
Yang-Mills like construction we started with.

The MHSYM model comes with an action principle, it is perturbatively stable and
admits a description in terms of the L., algebra. These are qualitative features that we
expect from a well defined theory.

We moved on to an analysis of the particle spectrum of the MHSYM theory. One
direction of this analysis required an explicit construction of a new representation of the
Lorentz group on the space of multi-dimensional Hermite functions. These results can

be used even without the context of the MHS theory. A possible use could be in the
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context of computer graphics [97], since we have provided explicit expressions for 2D and
3D rotations of Hermite expansions.

An analysis of the particle spectrum based on the differential equations posed by
the little group for massless particles lead us to the conclusion that our theory contains
degrees of freedom of infinite spin, and we have identified an on-shell basis of polarization
functions.

The MHS symmetry and the master space can be explored in further directions. We
have shown an analysis of the conservation laws based on the MHS symmetry which led
to an expression of an infinite tower of conserved currents. Reliance on the symmetries
also enabled us to put forward new candidates for theories based on these structures.

Within the framework of the formalism, we were also able to describe matter and show
how it couples to the MHS gauge potential minimally. We calculated the simplest scatter-
ing amplitudes in the lowest order in the perturbation theory and found that scattering of
simple matter is allowed only for sets of momenta being equal in the final as in the initial
state. In the case of master space matter in the fundamental representation the scattering
amplitude displayed a softer behaviour with respect to quantum electrodynamics.

Finally, we have focused on a possible geometric interpretation of the low-spin sector of
the theory. Although a Taylor expansion in the auxiliary space is not completely rigorous
(the component fields are then never independent), we were still able to extract valuable
geometric information about the theory, albeit working only on-shell. The reminiscence
to teleparallel geometry was not so surprising, as translations form a subgroup of the
gauged symmetries (2.2)).

Possible background solutions of the full theory do not necessarily follow the same
convergence properties as the potential fields (e.g. the Minkowski vacuum e, = u, grows
linearly in the auxiliary space), so we have analyzed additional background solutions of
the similar form, both in the MSHYM case, and in the case with a cosmological constant
term present in the action. Since then the equations for the background solutions were of
the spin-2 form, results from the low-spin sector were applied to this goal.

The MHS theory in its current form is not a finalized model. As mentioned above, the
amplitude for the tree-level scattering of minimal matter contains delta functions in the
momenta. To find the cross-section, the amplitude would have to be squared and there

would appear a factor of §(¥(0). This divergent factor could be interpreted as the volume
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of the auxiliary space. Within the calculation, it is noticeable that the origin of the delta
functions is the completeness relation of the basis functions, or in other words, in the sum
over the entire particle configuration space. An analogous problem appears when finding
inclusive cross-sections with the outer legs representing the MHS particles.

A future perspective would then be to find a way of restricting the configuration space
in some way; ideally to contain a single irreducible representation of the Poincaré group.
In this regard, it might prove interesting to still rely on the MHS symmetries and the
master space, and try to modify the dynamics of the theory in a way to make contact
with |73, |74, 75, [76]. One could also consider restricting the auxiliary space in some
manner which would reduce the configuration space as a consequence, but care must be
taken that the restriction is done in an MHS covariant manner.

The MHS structures are very rich and we hope they will have a say in further research

in higher spin and infinite spin particles.
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Appendix A

Mathematical definitions and results

A.1 Moyal star product

We give the definition and the most important properties of the Moyal star product |98,
99| relevant to this work. Detailed expositions are available in [100} |101} [102].
For functions a(x,u), b(x,u) defined on R*", the Moyal star product is defined as

a(x,u) *b(z,u) =a(z,u) exp B (Ex : §u - 536 : 5u>] b(x,u) (A.1)

For general functions, a Moyal product includes an infinite number of derivatives both

over x and u, and can be seen as a deformation of the ordinary multiplication rule

a(z,u) *b(z,u) =a(x,u)b(x, u) +% (&ngi;u) 8béz;m - 8@5211) 8béi;m) +-o (A2)
For example,
atxa¥ =ty (A.3)
o xu, =xMu, + %55 (A.4)
Uy * Uy =y Uy (A.5)
u, * ot =u,at — %55 (A.6)
The Moyal commutator and anticommutator are defined naturally as
la(x,u) ¥ b(z,u)] = a(x,u) * b(x,u) — b(z,u) x a(z,u) (A.7)
{a(z,u) *b(z,u)} = a(x,u) xb(z,u) + b(x,u) * a(z,u). (A.8)

The Moyal product is
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Hermitean under complex conjugation

(a(x,u) *b(x,u))* = b(z,u)" *xa(z,u)" . (A.9)

Associative

(a(z,u) * bz, w)) * c(z,u) = a(z,u) * (b(z,u) * c(z,u)) (A.10)

Obeys the Jacobi identity

ax[brdl+lerlasbll+[bileral]=0 (A-11)

Follow’s the Leibniz rule

[a*bxc]=a*blxc+bx[a*c]. (A.12)

For a class of functions with well behaved fall-of conditions the Moyal product can be

calculated in the integral form

dv dw Y z
_ d d i(yw—2zv) J d
a(x,u) *b(x,u) /d ydz(gﬂ)d(gﬂ)de a(x+2,u—|—v)b(x+2,u+w). (A.13)

A very useful and convenient way to make calculations with the Moyal product is by

promoting coordinates to operators, of which we note one possible way:

a(z,u) * b(z,u) = a(z,a)b(z,u’) (A.14)
with
u:u—%(‘;@,, u' :u+%<5x (A.15)

Moyal commutator of real functions is purely imaginary, while the Moyal anticommutator
of real functions is real.

Under integration it satisfies the adjoint property
/ddx d*u (a(z, u) * b(x,u))c(z,u) = / d*z d*ua(z, ) (b(z, u) * c(z,u))
= / d*z d'ub(z,w)(c(z, u) * a(z,u)) (A.16)

where a, b and ¢ are square-integrable functions on the master space. If we put ¢(z,u) =1

we obtain
/ddx dua(z,u) * b(z,u) = /dda: d®wa(x,u) b(z,u) + (boundary terms) .  (A.17)
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The boundary terms are a sum of total derivatives in x and u spaces.
05(C(x,u)) + 04 Dy(z,u)) . (A.18)

The x - exponential is defined as

[e.9]

1
ed@w) — Z% ] a(x,u)™ (A.19)

where a(z,u)*" is the Moyal product with n factors of a(z,u)

a(x,u)" = a(zr,u) xa(z,u) * ... *a(x,u) . (A.20)

A.2 Weyl-Wigner map

The Weyl-Wigner map (or correspondence) is an invertible integral transformation be-
tween functions defined on R?*" and operators on a Hilbert space. First appearance is in
[103} [104] while reviews can be found in [100, 105|. For use in physics of higher spins, see
[106] and appendices of |44}, 43].

The Wigner map takes an operator F acting on the Hilbert space H and outputs a

function f(z,u) (dubbed symbol of the operator) on a phase space (master space) spanned

by {x% uy} .

WIE) = flova) = [ dia (e = IECRO)fo + Dere (A21)
The inverse is named the Weyl map and it is given by
P Ak du 4 S A
-1 — — d d ik-(z—X)—iy-(p—P
w [f($au)]—F(X>U)—/d$dywwﬂ%“)@ (=)= =h) (A.22)

The Weyl-Wigner map relates complex conjugation of symbols to Hermitean conjugation
of operators

fH(x,u) < FT. (A.23)

The trace of an operator is given by the integral of the corresponding function over the

master space
d%u

Te(F) = /ddm o)

A product of operators on the Hilbert space in the Weyl (completely symmetric) ordering

[l u). (A.24)

becomes the Moyal star product of functions on the master space

A ~

WIF - By = fi(z,u) x fo(x,u), (A.25)
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and vice-versa

A A

Wi, u) * folz,u)] = Fy - Fy. (A.26)
The trace of a product of operators is then
d%u

Te[F, - By = /ddxwfl(x,u) * fo(z,u). (A.27)

A.3 From Lie to L.,

The identification of such a rich mathematical structure as is the L, algebra (also named
strongly homotopy Lie algebra) can seem almost miraculous, so we will try to define it

through a gradual generalization of Lie algebras in the following way:

Lie alg. — graded Lie alg. —differential graded Lie alg. — diff. grad. homotopy Lie. alg

—strongly homotopy Lie algebra

A Lie Algebra is a vector space together with a bilinear antisymmetric product named
the Lie bracket that satisfies the Jacobi identity. Let us name the vector space V = X

with elements x1, x5, ... and denote the Lie bracket as
[T1, 29| = lo(x1,29) = —Llo(xa,21); Lo Xo® Xog — Xo (A.28)
In this notation, the Jacobi identity is
Uo(x1, by (0, x3) + o(x3, b (21, T2)) + lo(xo, lo(x3,21)) = 0. (A.29)

We can generalize this construction in small doses. First, consider the underlying vector
space to be graded
V = @Xn, n € Ny (A30)

with grading denoted by x = deg(x) = n for x € X,,. The grading is introduced in a way
which influences the Lie bracket, so that instead of an anticommuting bilinear product,

we get a graded-commuting bilinear product
62("131,1'2) = (—>1+X1X2€2(l’2,1}1) <A31)
and the Jacobi identity is generalized accordingly

52(62(1’1, IQ), I’g)+(—>X1(X2+X3)£2(£2($2, l’g), .%'1)+(—)(X2+X1)X3€2(£2($3, $1)7 1’2) =0. (A32)
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In case all vectors come from X, as before, we return to a (non-graded) Lie algebra.
In the second step, having a series of vector spaces each with a designated degree

(grading), we can add a new linear operator
0 Xy = X1, 6 Xo— 0 (A.33)
with the property of being nilpotent ¢? = 0, and respecting the (graded) Leibniz rule

fl(gg(l'l, 1'2)) = 52(51(1‘1), Ig) + (—)Xlég(l'l, £1(ZL‘2)) . (A34)

An operator respecting these properties is called a differential. A graded Lie algebra
equipped with a differential is a differential graded Lie algebra and is in itself very useful,
but we go further.

The next to final step is to relax the notion of the Jacobi identity holding identically.

So far we have defined operators

e (1 with one input lowering the degree by 1

e /5 with two inputs that leaves the degree intact

so let’s introduce also {3 with three inputs that raises the degree by 1. The Jacobi identity
(A.32)) leaves the degree intact and takes three inputs. Let us now allow for (A.32) to
hold only up to an element of the same space, which we can achieve by a combination of

operators 1 and (3 E| With this generalization, we get

Co(la(1, 2), 23) +(— ) 20y (0y (9, 3), 1) +(—) TSy (o (23, 1), ) = G (C3(21, T2, 73)) -

(A.35)
Since the generalized Jacobi identity now holds only up to a homotopy (element of the
same space), this mathematical structure is called a differential graded homotopy Lie
algebra, and it is evidently much more general than a Lie algebra.

In the final step, we let loose the possible grading numbers from Ny to Z, allow for an
existence of all operators ¢, with k € N, and establish a tower of identities generalizing
, which are quadratic in the operators ¢, and hold only up to a higher ho-
motopy. Such vastly general structures are named strongly homotopy Lie algebras or L.,

algebras.

!To be precise, the identity (A.35) holds only for elements z; which have ¢;(x) = 0, which is not
crucial for the motivational presentation. The exact form of this identity is given when the full L

algebra is defined.
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A.4 Representations of 150(2)

In the case of massless particles, the little group is 7.S0(2), isomorphic to the isometry
group of a 2D Euclidean plane. Since the faithful representations of this group are less
known than the helicity representations, we report on the construction of its unitary irre-
ducible representations following [72|. The generators A, B, J3 are mapped into Hermitean

operators.

Angle basis

The first possibility of building the representation, named the angle basis, starts by picking
Js with W2 as the maximal set of commuting operators. Similarly to the known procedure

for so0(3), we define the operators
P.=A+iB (A.36)

which satisfy
[J3, Pe] = £Py, [Py, P ]=0. (A.37)

We can rewrite W2 = P_P_ = P_P, and emphasize that Pl = P_. From (4.60) it is
readily seen that 1W/? has a positive eigenvalue which we denote by u?.
Now we choose a simultaneous eigenvector of J3, W2 denoted by |u, o) and normalized

to 1

W2 |, 0) = p? |p, o)

Jslp, o) = olp, o) .
Due to the commutation relations we realize that P, act as raising and lowering operators
J3(Pe|p,0)) = (0 £ 1)(Ps |p, 0)) - (A.38)
The normalization of raised/lowered states would turn out to be
(0 £ 1p,0 £ 1) = (u,0| PLPy |, 0) = (1, 0| W? |p,0) = pi° (A.39)

A special possibility is 4? = 0. In that case, we recover the usual one-dimensional unitary
representation for massless particles since then Py |0,0) = 0. The only remaining gener-

ator acting non-trivially is .JJ5 whose eigenvalues correspond to helicity J5|0,0) = o |0, o).
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For p? # 0, we define a new normalization so that all states are normalized to unity

o+ 1) =Pyl o) (iﬁ) | (A.40)

A very important feature in this case is that the representation is necessarily infinite-
dimensional; starting with some o0g, say o9 = 0, we can construct infinitely many new
vectors with helicity o = 0,41, £2, ... within a single value of 2. This is the reason that
particles corresponding to this representations are named "infinite-spin" particles. The

matrix elements of the generators in this representation are

</1J7 OJ| J3 |,LL, O-> :O-(So—o"
<:u’7 O-/’ Pﬂ: |:u7 O-> =+ iN(SU oxl
By exponentiation it can be seen that the representation matrices for a finite transforma-

tion are given by [72]:

/

D*(ba,bg,0)™ o = DM(b,0)™ ,, = ™m0 (ub)e” ™ (A.41)
The three parameters (ba, bp, 0), each correspond to one of the operators A, B, J;. The
first two parameters can be written as a 2-vector in Euclidean space b = (b, ¢) in "polar"
coordinates. J,, is the Bessel function of the first kind.

e (1) T 2+
Jal@) = Zj!r(j+a+ 1) <§> (A.42)

=0

Another representation valid for integer n is

1 .
To() / gilasinT=nr) g7 (A.43)

" or

Plane Wave basis

The other possible basis comes from choosing A, B with W? as a maximal set of commuting
operators and building the representation with their eigenvectors. This can be done with
the method of induced representations. The two generators A, B can be written as a vector
T = (A, B). We can then choose a standard vector of their eigenvalues as fip = (u, 0).

There is only one independent eigenstate of T since it does not commute with J3

Alfio) =p|fio) (A.44)
B |jio) =0 (A.45)
W2 |fio) =p” | o) (A.46)

137



Due to the commutation relations of A, B with J3 it is visible that T transforms as a

—ZJG’ S0

Euclidean vector under rotations R(6) = e
€7i9JTk€wJ = TmR(G)mk (A47)

Thus Ty R(0) |iio) = pR(0) |flo), where uy is the k-th component of the vector obtained
by rotating figp. This way we can build the entire vector space spanning the irreducible

sector with g
|2) = R(0) | o) (A.48)

The set of vectors (continuous set, since ji is a vector with two continuous parameters -
p and 0) {|/Z)} forms the irreducible vector space. Here, and in the fact that p? can take
on arbitrary real values we find the origin of the name "continuous spin" particle. The

representation of the group can again be obtained by exponentiation:

T'(b) |i) = e~™" i) (A.49)

R(¢) |ig) = |i) (A.50)

where i’ = R(¢)ii = (1,0 + ¢). The ortonormality condition can be chosen as
(i@'|ii) = (u, 0’|, 0) = 270 (0" — 0) (A.51)

The vectors are orthogonal if ji are different in length and when they are equal length but

of different angle.
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Appendix B

Details for calculations in MHS theory

B.1 Second order (metric like) gauging

In chapter [2] we have performed the gauging procedure and introduced the gauge potential
by

Ug = Ug + ho(z,w) (B.1)
This is not the only possibility, and here we display a different approach which, as it

turns out, leads to a composite field. In case where m = 0 for the scalar field action

(2.20]) written as

S[gb]—/ddxdd—uuz*W(:v ) (B.2)
= (27[_)(1 ¢ , U .
we have a symmetry for a rigid gauge parameter &(u) E]
dd
68 = z'/ddx (27:)Ld ([e(w) ¥ Wy(z,u) x u?] + Wy(z,u) * [u” 1 e(u)]) =0. (B.3)

As the Moyal commutator is a total derivative both in x and u variables, the first term
is only a boundary term. The second term has a Moyal commutator of only u-dependent
quantities, so it vanishes.

Considering a local symmetry ¢ = e(z,u), the variation of the free field action is

non-vanishing

_ du 2,
0S = z/dda: o) We(z,u) * [u” % e(z,u)] . (B.4)

To ensure symmetry is preserved, in the spirit of Yang Mills theory, this calls for a

compensating field

u? — u® — h(x,u) . (B.5)

To see this, add and subtract Wy (z, u) x u? x £(u) under the integral.
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To first order in (z, u), by neglecting total derivatives under the integral, we have
4S = /ddxddu Wy x (—6h +i[(u* — h) % ¢]) . (B.6)

To keep the action symmetric under local transformations, we can infer that A(x, u) must

transform as
dh(z,u) =2u - c(z,u) —i[h(x,u) * e(z,u)] (B.7)

reproducing the result in [43]. As we have shown above in chapter [6] the field h(z,u) is

actually not fundamental, instead given by

hz,u) = 2u®hg(x,u) + ho(z,u) * h*(x,u) (B.8)

B.2 Details for the interaction with simple matter

As we have seen in chapter [] ordinary matter couples to the MHS field through a minimal
coupling of simple currents to a tower of HS fields. Here we provide the details of that

calculation. The interaction term (6.5)) is
S, 1] = / de du (62(2) % K5 (2, 1)  bal2))5%(u) (B.9)

In the geometric phase we have e,(x,u) = u, + hqo(z, u). Following (6.3), the interacting

part is given by
Kine (2, 0) =h(2,10) = 2oz, 0) + ha(w, ) % bz, u) (B.10)

where h(x,u) is a composite object obtained from the MHS potential, already introduced
in (2.97). If we now use a Taylor expansion in the auxiliary coordinates, and a compactified

notation
h(z,u) = Z h’(‘sl)"'“s (x) Upy + Uy, = Z hél)'"“s(:p) (uu)S (B.11)
s=0 s=0

we can insert this into and easily integrate over the auxiliary space, facilitated by

the presence of the Dirac delta function. We will use the integral representation of the

Moyal product (A.13). We start by

h(z,u) * p(z) = / d?z (;ij:))d e h(z,u+v)p (:U + g) (B.12)
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and

dw' dv .. ! z
* _ d, l jd wy'w'—izv, * I / ol
©* () * h(z,u) * p(z) /dydz(%r)d(zw)de @ (:c+ >h(m,u+v+w)gp(x+2).

We now integrate over the auxiliary space u with the delta function present

dd ! dd o !
A" (@)« b, u) x p(@)0D(u) = [ dlyd'z =g T (a4 ) o+ ) (4 2
(2m)? (2m) 2 2

If we now employ the expansion (B.11]), the integral above becomes

ddw/ - 1 s _iy'w' —izv, * y/ z
/ddy’dd dz Ry e () (v +wy,) e © (x+5)g0(x+§>

s

> W1 fs S k¢, 0 \s—k iy'w —izv, x* y_ E
hiy ™ (@) Z (k) (0)" (w, )" e ¥ (m + 2) 14 (x + 2>

s=0 k=0

ddwl ddv : S k z ’ s—k y/ YA
— d, !l jd M1 s NS 1\k (92 d Y * g 1y’ w' —izv
/d ' Gty DM @) 22: (k> G (=08 (0) e (o +5) () o (x—f— 2) :
_ihﬂlﬂs(l.) i § 3 ’ (_1)k (am)k (I) (83:)5—]"3 *(l‘) (B 13)
= (s) ]\ 39 w) ¥ 1 ¥ :
The interacting part of the action is thus given by
St b Z / 'z JS), () S () (B.14)

where the spin-s currents are of the form

= (@) Oy Do) (B.16)

B.3 Curvature tensor measures triviality
Here we prove that the HS field strength measures the triviality of HS configurations, i.e.
HS master space field is pure gauge — Fup(x,u) =0 (B.17)

in a domain of configurations containing h,(x,u) = 0.

Proof. From ({2.50) it follows directly that the theorem is valid in the linear approximation,
since the linear term in (2.84])) can be interpreted as the exterior derivative of a form

ht-#n(z) if Greek indices p; are treated as internal. It means that in the linearized
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theory if and only if F,,(z,u) = 0 in a ball, there exists a master space function e(x, u)
such that
ho(z,u) = 0,¢e(x,u) (B.18)

in the same ball. But this is just the linearized pure gauge condition for the MHS potential
ho(z,w).

Let us extend this to large fields. First we prove the left-to-right arrow in . If
the MHS vielbein field is pure gauge, then by we can write it as

eq(z,u) = e E@W sy, x eI €@ — g — jetE@U) | greiflen) (B.19)

so a pure gauge MHS master field h,(x,u) is of the form
ho(z,u) = —ie; €@ & greiélen) (B.20)
Plugging this into (2.50]), and using the identities

e:ié’(m,u) * eié‘(m,u) -1 ’ e:ié‘(m,u) * 8;6615(337“) — _agce:ié'(x,u) * eif(x,u) (B21)

we conclude that MHS field strength F,(z,u) vanishes for pure gauge HS fields. There-
fore,

HS phase space field is pure gauge — Fup(x,u)=0. (B.22)
Proving the opposite direction of (B.17)) happens to be more involved. We want to
find the general solution of the equation

Fop(z,u) =0 (B.23)

To do this, let us start from the linearized solution (B.18)) and build a full solution by a

formal perturbative serieﬂ

ho(z,u) = iAg”)(a;,u) : (B.24)

Introducing (B.24]) into (B.23]), using (2.50)), and collecting the terms of the same order,

we obtain

—_

A (@, u) = AP (w,0) = =i Y [AD (w,u) 1 AT (@w)] . (B.25)

1

ﬁ
Il

2In this construction it is not assumed that the HS potential h,(x,u) is small. We can introduce a

formal parameter 6, and consider |D as an expansion in §. Eventually we put 6 — 1.
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We see that it has a form which can be attacked by mathematical induction. For n =1
it becomes

AN (z,u) — oF AL (2, u) = 0 (B.26)
for which the general solution is
AW (z,u) = 0%E(x, u) (B.27)
where E(z,p) is an arbitrary function. For n = 2 we get
GAY - oA =il A
— —i[og€ ¢ 0f€]

— 5 (9116 1 7€) - [ 1 7€) (B.28)

for which the solution is

AP (2, u) = —% € (2, u) * 07E (, u)] + O°E () (B.29)

The trivial exact part of the solution, which appears at every order, is of the same form
as the first-order solution; it introduces nothing new and can therefore be ignored in the

construction of the general solution. Now we conjecture that the generic solution is given

_\n—1
A :( 2' Ex[Ex. .. [ExD.E].. ] (n —1 Moyal brackets)
:(_nll) Ex[Ex. . [€Fuy].. ] (n Moyal brackets) . (B.30)

This can be proven by induction. Using (B.30)) in (B.24]) gives us finally

ha(z,u) =3 (_ni!)n E(z,u) t [E@ )t [E(x,u) *ug]. . ]

—i&(z,u)
*

1E(zu)

=e * Ug * €} Ug

= — ie:ig(’”’“) * 8§eig(x’“) (B.31)

where to pass from the first to the second line we used the Baker-Campbell-Hausdorff

lemma. We have obtained (B.20)), therefore we proved that
Fop(z,u) =0 = HS potential is a pure gauge (B.32)

in some neighbourhood of h,(x,u) = 0.

143



Bibliography

1]

2l

13l

4]

[5]

17l

Maro Cvitan, Predrag Dominis Prester, Stefano Giaccari, Mateo Pauligi¢, and
Ivan Vukovié. “Gauging the higher-spin-like symmetries by the Moyal product”.
In: JHEP 06 (2021), p- 144. DOI: 10.1007/JHEP06 (2021) 144. arXiv: 2102.09254
[hep-th].

Maro Cvitan, Predrag Dominis Prester, Stefano Gregorio Giaccari, Mateo Paulisi¢,
and Ivan Vukovié¢. “Gauging the Higher-Spin-Like Symmetries by the Moyal Prod-
uct. IT”. In: Symmetry 13.9 (2021), p. 1581. DOI: |10.3390/sym13091581.

L. Bonora, M. Cvitan, P. Dominis Prester, S. Giaccari, M. Pauligi¢, and T. Stem-
berga. “Worldline quantization of field theory, effective actions and L, structure”.
In: JHEP 04 (2018), p. 095. DOI: |10.1007/JHEP04 (2018) 095. arXiv: 1802.02968
[hep-th].

E. S. Fradkin and Mikhail A. Vasiliev. “On the Gravitational Interaction of Mass-
less Higher Spin Fields”. In: Phys. Lett. B 189 (1987), pp. 89-95. DOI: [10.1016/
0370-2693(87)91275-5.

Mikhail A. Vasiliev. “Higher spin gauge theories: Star product and AdS space”.
In: (Oct. 1999). Ed. by Mikhail A. Shifman, pp. 533-610. pDOI: 10 . 1142/
9789812793850_0030. arXiv: hep-th/9910096.

Dmitry Ponomarev and E. D. Skvortsov. “Light-Front Higher-Spin Theories in Flat
Space”. In: J. Phys. A 50.9 (2017), p. 095401. DOI: |10.1088/1751-8121/aab6e7.
arXiv: 1609.04655 [hep-th].

Evgeny D. Skvortsov, Tung Tran, and Mirian Tsulaia. “Quantum Chiral Higher
Spin Gravity”. In: Phys. Rev. Lett. 121.3 (2018), p. 031601. por1: 10 . 1103/

PhysRevLett.121.031601. arXiv: 1805.00048 [hep-th]l

144


https://doi.org/10.1007/JHEP06(2021)144
https://arxiv.org/abs/2102.09254
https://arxiv.org/abs/2102.09254
https://doi.org/10.3390/sym13091581
https://doi.org/10.1007/JHEP04(2018)095
https://arxiv.org/abs/1802.02968
https://arxiv.org/abs/1802.02968
https://doi.org/10.1016/0370-2693(87)91275-5
https://doi.org/10.1016/0370-2693(87)91275-5
https://doi.org/10.1142/9789812793850_0030
https://doi.org/10.1142/9789812793850_0030
https://arxiv.org/abs/hep-th/9910096
https://doi.org/10.1088/1751-8121/aa56e7
https://arxiv.org/abs/1609.04655
https://doi.org/10.1103/PhysRevLett.121.031601
https://doi.org/10.1103/PhysRevLett.121.031601
https://arxiv.org/abs/1805.00048

18]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

17]

Olaf Hohm and Barton Zwiebach. “L., Algebras and Field Theory”. In:
Fortsch. Phys. 65.3-4 (2017), p. 1700014. DOI: 10.1002/prop.201700014. arXiv:

1701.08824 [hep-th]|

Michael B. Green, J. H. Schwarz, and Edward  Witten.
SUPERSTRING THEORY. VOL. 1: INTRODUCTION. Cambridge Monographs
on Mathematical Physics. July 1988. ISBN: 978-0-521-35752-4.

Juan Martin Maldacena. “The Large N limit of superconformal field theories and

supergravity”. In: Adv. Theor. Math. Phys. 2 (1998), pp. 231-252. DOI: 10.1023/

A:1026654312961. arXiv: hep-th/9711200.

Xian O. Camanho, Jose D. Edelstein, Juan Maldacena, and Alexander Zhiboedov.
“Causality Constraints on Corrections to the Graviton Three-Point Coupling”. In:
JHEP 02 (2016), p. 020. por: 10 . 1007 / JHEP02(2016) 020. arXiv: 1407 . 5597
[hep-th].

Nima Afkhami-Jeddi, Sandipan Kundu, and Amirhossein Tajdini. “A Bound on
Massive Higher Spin Particles”. In: JHEP 04 (2019), p. 056. DOI: |10 . 1007 /
JHEP04(2019) 056, arXiv: 1811.01952 [hep-th].

Eugene P. Wigner. “On Unitary Representations of the Inhomogeneous Lorentz
Group”. In: Annals Math. 40 (1939). Ed. by Y. S. Kim and W. W. Zachary, pp. 149
204. DOTI: |10.2307/1968551.

M. Fierz and W. Pauli. “On relativistic wave equations for particles of arbitrary

spin in an electromagnetic field”. In: Proc. Roy. Soc. Lond. A 173 (1939), pp. 211-

232. DOI: 10.1098/rspa.1939.0140.

V. Bargmann and Eugene P. Wigner. “Group Theoretical Discussion of Relativistic

Wave Equations”. In: Proc. Nat. Acad. Sci. 34 (1948), p. 211. DOI: 10.1073/pnas.

34.5.211.

L. P. S. Singh and C. R. Hagen. “Lagrangian formulation for arbitrary spin. 1. The
boson case”. In: Phys. Rev. D 9 (1974), pp. 898-909. DOI: 10.1103/PhysRevD.9.
898l

L. P. S. Singh and C. R. Hagen. “Lagrangian formulation for arbitrary spin. 2. The
fermion case”. In: Phys. Rev. D 9 (1974), pp. 910-920. DOI: |10.1103/PhysRevD.
9.910.

145


https://doi.org/10.1002/prop.201700014
https://arxiv.org/abs/1701.08824
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://doi.org/10.1007/JHEP02(2016)020
https://arxiv.org/abs/1407.5597
https://arxiv.org/abs/1407.5597
https://doi.org/10.1007/JHEP04(2019)056
https://doi.org/10.1007/JHEP04(2019)056
https://arxiv.org/abs/1811.01952
https://doi.org/10.2307/1968551
https://doi.org/10.1098/rspa.1939.0140
https://doi.org/10.1073/pnas.34.5.211
https://doi.org/10.1073/pnas.34.5.211
https://doi.org/10.1103/PhysRevD.9.898
https://doi.org/10.1103/PhysRevD.9.898
https://doi.org/10.1103/PhysRevD.9.910
https://doi.org/10.1103/PhysRevD.9.910

18]

[19]

[20]

21

[22]

23]

[24]

[25]

[26]

27]

28]

Christian Fronsdal. “Massless Fields with Integer Spin”. In: Phys. Rev. D 18 (1978),
p. 3624. DOI: 10.1103/PhysRevD. 18.3624.

J. Fang and C. Fronsdal. “Massless Fields with Half Integral Spin”. In: Phys. Rev. D
18 (1978), p. 3630. DOI: 10.1103/PhysRevD. 18.3630.

Suraj N. Gupta. “Gravitation and Electromagnetism”. In: Phys. Rev. 96 (1954),
pp- 1683-1685. DOI: 10.1103/PhysRev.96.1683.

Marc Henneaux. “Lectures on the Antifield-BRST Formalism for Gauge Theories”.
In: Nucl. Phys. B Proc. Suppl. 18 (1990). Ed. by M. Asorey, Jose F. Carinena, and
L. A. Ibort, pp. 47-106. DOI: [10.1016/0920-5632(90) 90647-D.

M. Henneaux and C. Teitelboim. Quantization of gauge systems. 1992. 1SBN: 978-
0-691-03769-1.

R. R. Metsaev. “BRST-BV approach to cubic interaction vertices for massive and
massless higher-spin fields”. In: Phys. Lett. B 720 (2013), pp. 237-243. DOI: |10.
1016/j.physletb.2013.02.009. arXiv: 1205.3131 [hep-th]l

Rakibur Rahman. “Higher Spin Theory - Part I”. In: PoS ModaveVIII (2012),
p. 004. DOI: [10.22323/1.195.0004. arXiv: 1307.3199 [hep-th].

Xavier Bekaert, Nicolas Boulanger, and Per Sundell. “How higher-spin grav-
ity surpasses the spin two barrier: no-go theorems versus yes-go examples”’. In:

Rev. Mod. Phys. 84 (2012), pp. 987-1009. DOI: 10 .1103/RevModPhys . 84 . 987.

arXiv: 1007.0435 [hep-th]l

Steven Weinberg. “Photons and Gravitons in S-Matrix Theory: Derivation of

Charge Conservation and Equality of Gravitational and Inertial Mass”. In:

Phys. Rev. 135 (1964), B1049-B1056. DOI: 10.1103/PhysRev.135.B1049.

Sidney Coleman and Jeffrey Mandula. “All Possible Symmetries of the S Matrix”.
In: Phys. Rev. 159 (5 July 1967), pp. 1251-1256. DOI: [10.1103/PhysRev . 159 .
1251. URL: https://link.aps.org/doi/10.1103/PhysRev.159.1251.

Steven Weinberg and Edward Witten. “Limits on Massless Particles”. In:

Phys. Lett. B 96 (1980), pp. 59-62. DOI: [10.1016/0370-2693(80)90212-9.

146


https://doi.org/10.1103/PhysRevD.18.3624
https://doi.org/10.1103/PhysRevD.18.3630
https://doi.org/10.1103/PhysRev.96.1683
https://doi.org/10.1016/0920-5632(90)90647-D
https://doi.org/10.1016/j.physletb.2013.02.009
https://doi.org/10.1016/j.physletb.2013.02.009
https://arxiv.org/abs/1205.3131
https://doi.org/10.22323/1.195.0004
https://arxiv.org/abs/1307.3199
https://doi.org/10.1103/RevModPhys.84.987
https://arxiv.org/abs/1007.0435
https://doi.org/10.1103/PhysRev.135.B1049
https://doi.org/10.1103/PhysRev.159.1251
https://doi.org/10.1103/PhysRev.159.1251
https://link.aps.org/doi/10.1103/PhysRev.159.1251
https://doi.org/10.1016/0370-2693(80)90212-9

29]

[30]

[31]

32|

33]

[34]

[35]

[36]

[37]

[38]

[39]

M. Porrati. “Universal Limits on Massless High-Spin Particles”. In: Phys. Rev. D
78 (2008), p. 065016. DOI: 10 .1103/PhysRevD . 78.065016. arXiv: 0804 . 4672
[hep-th].

Xavier Bekaert, Nicolas Boulanger, Andrea Campoleoni, Marco Chiodaroli, Dario
Francia, Maxim Grigoriev, Ergin Sezgin, and Evgeny Skvortsov. “Snowmass White
Paper: Higher Spin Gravity and Higher Spin Symmetry”. In: (May 2022). arXiv:
2205.01567 [hep-th].

Giulio Bonelli. “On the tensionless limit of bosonic strings, infinite symmetries

and higher spins”. In: Nucl. Phys. B 669 (2003), pp. 159-172. DO1: 10.1016/j .

nuclphysb.2003.07.002. arXiv: hep-th/0305155.

Dmitry Ponomarev. “Chiral Higher Spin Theories and Self-Duality”. In: JHEP 12
(2017), p. 141. DOI: 10.1007/JHEP12(2017) 141, arXiv: 1710.00270 [hep-th]|

Evgeny Skvortsov, Tung Tran, and Mirian Tsulaia. “More on Quantum Chiral
Higher Spin Gravity”. In: Phys. Rev. D 101.10 (2020), p. 106001. DOI: 10.1103/
PhysRevD.101.106001. arXiv: 2002.08487 [hep-th].

V. E. Didenko and E. D. Skvortsov. “Elements of Vasiliev theory”. In: (Jan. 2014).
arXiv: 1401.2975 [hep-th]|

Dmitry Ponomarev. “Basic introduction to higher-spin theories”. In: (June 2022).

arXiv: 2206.15385 [hep-th].

Yasha Neiman. “The holographic dual of the Penrose transform”. In: JHEP 01
(2018), p. 100. DOI: 10.1007/JHEP01(2018) 100. arXiv: 1709.08050 [hep-th].

Charlotte Sleight and Massimo Taronna. “Higher-Spin Gauge Theories and
Bulk Locality”. In: Phys. Rev. Lett. 121.17 (2018), p. 171604. por: 10 . 1103/

PhysRevLett.121.171604. arXiv: 1704.07859 [hep-th].

Frits A. Berends, G. J. H. Burgers, and H. van Dam. “Explicit Construction of
Conserved Currents for Massless Fields of Arbitrary Spin”. In: Nucl. Phys. B 271

(1986), pp. 429-441. pOI: [10.1016/S0550-3213(86)80019-0!

Xavier Bekaert and Nicolas Boulanger. “Gauge invariants and Killing tensors in

higher-spin gauge theories”. In: Nucl. Phys. B 722 (2005), pp. 225-248. DOI: 10.

1016/j .nuclphysb.2005.06.009. arXiv: hep-th/0505068.

147


https://doi.org/10.1103/PhysRevD.78.065016
https://arxiv.org/abs/0804.4672
https://arxiv.org/abs/0804.4672
https://arxiv.org/abs/2205.01567
https://doi.org/10.1016/j.nuclphysb.2003.07.002
https://doi.org/10.1016/j.nuclphysb.2003.07.002
https://arxiv.org/abs/hep-th/0305155
https://doi.org/10.1007/JHEP12(2017)141
https://arxiv.org/abs/1710.00270
https://doi.org/10.1103/PhysRevD.101.106001
https://doi.org/10.1103/PhysRevD.101.106001
https://arxiv.org/abs/2002.08487
https://arxiv.org/abs/1401.2975
https://arxiv.org/abs/2206.15385
https://doi.org/10.1007/JHEP01(2018)100
https://arxiv.org/abs/1709.08050
https://doi.org/10.1103/PhysRevLett.121.171604
https://doi.org/10.1103/PhysRevLett.121.171604
https://arxiv.org/abs/1704.07859
https://doi.org/10.1016/S0550-3213(86)80019-0
https://doi.org/10.1016/j.nuclphysb.2005.06.009
https://doi.org/10.1016/j.nuclphysb.2005.06.009
https://arxiv.org/abs/hep-th/0505068

[40]

[41]

[42]

[43]

[44]

[45]

|46]

[47]

48]

[49]

[50]

[51]

Matthew D. Schwartz. Quantum Field Theory and the Standard Model. Cam-
bridge University Press, Mar. 2014. 1SBN: 978-1-107-03473-0, 978-1-107-03473-0.

Arkady Y. Segal. “Conformal higher spin theory”. In: Nucl. Phys. B 664 (2003),
pp. 59-130. DOI: |10.1016/505650-3213(03)00368-7. arXiv: hep-th/0207212.

Xavier Bekaert. “Higher spin algebras as higher symmetries”. —In:

Ann. U. Craiova Phys. 16.11 (2006), pp. 58-65. arXiv: 0704.0898 [hep-th].

Xavier Bekaert, Euihun Joung, and Jihad Mourad. “Effective action in a higher-
spin background”. In: JHEP 02 (2011), p. 048. DOI: [10.1007/JHEP02(2011) 048.
arXiv: [1012.2103 [hep-th].

Xavier Bekaert, Euihun Joung, and Jihad Mourad. “On higher spin interactions
with matter”. In: JHEP 05 (2009), p. 126. DOI1:|10.1088/1126-6708/2009/05/126.
arXiv: 0903.3338 [hep-th].

John Madore, Stefan Schraml, Peter Schupp, and Julius Wess. “Gauge theory on
noncommutative spaces”. In: Eur. Phys. J. C 16 (2000), pp. 161-167. DOI: 10 .

1007/s100520050012. arXiv: hep-th/0001203|

R. L. Bishop and R. J. Crittenden. Geometry of Manifolds. Academic Press, Else-
vier, 1964. 1SBN: 9780080873275.

Branislav Jurc¢o, Tommaso Macrelli, Lorenzo Raspollini, Christian Sdmann,
and Martin Wolf. “L..-Algebras, the BV Formalism, and Classical Fields”. In:
Fortsch. Phys. 67.8-9 (2019), p. 1910025. DOI: [10.1002/prop.201910025. arXiv:

1903.02887 [hep-th]l

Tom Lada and Jim Stasheff. “Introduction to SH Lie algebras for physicists”. In:
Int. J. Theor. Phys. 32 (1993), pp. 1087-1104. DOI: |10.1007/BF00671791. arXiv:

hep-th/9209099.

Clay James Grewcoe. “Geometric structure of generalised gauge field theories”.

PhD thesis. Zagreb U., Phys. Dept., 2021.

Tommaso Macrelli. “Homotopy algebras, gauge theory, and gravity”. PhD thesis.
Surrey U., Surrey U., 2021. DOI: 10.15126/thesis.900068.

L-infinity algebra. URL: https : //ncatlab . org/nlab/show/L - infinity -

algebra/.

148


https://doi.org/10.1016/S0550-3213(03)00368-7
https://arxiv.org/abs/hep-th/0207212
https://arxiv.org/abs/0704.0898
https://doi.org/10.1007/JHEP02(2011)048
https://arxiv.org/abs/1012.2103
https://doi.org/10.1088/1126-6708/2009/05/126
https://arxiv.org/abs/0903.3338
https://doi.org/10.1007/s100520050012
https://doi.org/10.1007/s100520050012
https://arxiv.org/abs/hep-th/0001203
https://doi.org/10.1002/prop.201910025
https://arxiv.org/abs/1903.02887
https://doi.org/10.1007/BF00671791
https://arxiv.org/abs/hep-th/9209099
https://doi.org/10.15126/thesis.900068
https://ncatlab.org/nlab/show/L-infinity-algebra/
https://ncatlab.org/nlab/show/L-infinity-algebra/

52|

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

62]

Barton Zwiebach. “Closed string field theory: Quantum action and the B-V master
equation”. In: Nucl. Phys. B 390 (1993), pp. 33-152. DOI: 10.1016/0550-3213(93)

90388-6. arXiv: hep-th/9206084.

S. Salgado. “On the L, formulation of Chern-Simons theories”. In: JHEP 04 (2022),
p. 142. DOI: 10.1007/JHEP04(2022) 142, arXiv: 2110.13977 [hep-th].

NCAlgebra. URL: https://mathweb.ucsd.edu/ ncalg/.

P. A. M. Dirac. “Unitary Representations of the Lorentz Group”. In:
Proceedings of the Royal Society of London. Series A, Mathematical and Physical Sciences

183.994 (1945), pp. 284-295. 1ssN: 00804630. URL: http://www . jstor . org/
stable/97721 (visited on 09/15/2022).

Michael J. Ruiz. “Orthogonality Relation for Covariant Harmonic Oscillator Wave

Functions”. In: Phys. Rev. D 10 (1974), p. 4306. DOI:|10.1103/PhysRevD. 10.4306.

F. C. Rotbart. “COMPLETE ORTHOGONALITY RELATIONS FOR THE CO-
VARIANT HARMONIC OSCILLATOR?”. In: Phys. Rev. D 23 (1981), pp. 3078
3080. DOI: |10.1103/PhysRevD.23.3078.

Steven Weinberg. The Quantum Theory of Fields. Quantum Theory of Fields,

Vol. 2: Modern Applications s. 1. Cambridge University Press, 1995. ISBN:
9780521550017. URL: https://books.google.hr/books?id=doeDB3}%5C_WLvwC.

F. G. Mehler. “Ueber die Entwicklung einer Function von beliebig vie-
len Variabeln nach Laplaceschen Functionen hoherer Ordnung.” German. In:

J. Reine Angew. Math. 66 (1866), pp. 161-176. ISSN: 0075-4102. DOI: [10. 1515/

crll.1866.66.161.

Y. Choquet-Bruhat, C. de Witt, C. DeWitt-Morette, C.M. DeWitt, M.D. Bleick,
and M. Dillard-Bleick. Analysis, Manifolds and Physics Revised Edition. Analysis,
Manifolds and Physics. Elsevier Science, 1982. 1SBN: 9780444860170. URL: https:

//books.google.hr/books?id=hUWEXphqLo8C.

Mikhail Krawtchouk. “Sur une généralisation des polynomes d’Hermite”. In:

Comptes Rendus 189.620-622 (1929), pp. 5-3.

M Krawtchouk. “Sur la distribution des racines des polynomes orthogonaux”. In:

Comptes Rendus 196 (1933), pp. 739-741.

149


https://doi.org/10.1016/0550-3213(93)90388-6
https://doi.org/10.1016/0550-3213(93)90388-6
https://arxiv.org/abs/hep-th/9206084
https://doi.org/10.1007/JHEP04(2022)142
https://arxiv.org/abs/2110.13977
https://mathweb.ucsd.edu/~ncalg/
http://www.jstor.org/stable/97721
http://www.jstor.org/stable/97721
https://doi.org/10.1103/PhysRevD.10.4306
https://doi.org/10.1103/PhysRevD.23.3078
https://books.google.hr/books?id=doeDB3%5C_WLvwC
https://doi.org/10.1515/crll.1866.66.161
https://doi.org/10.1515/crll.1866.66.161
https://books.google.hr/books?id=hUWEXphqLo8C
https://books.google.hr/books?id=hUWEXphqLo8C

63]

[64]

[65]

[66]

67]

68

[69]

[70]

[71]

[72]

73]

Gauss Hypergeometric Function 2F1: Summation (formula 07.23.23.0001).

URL: https : / / functions . wolfram . com / HypergeometricFunctions /

Hypergeometric2F1/23/01/0001/.

Anders K. H. Bengtsson. “Towards Unifying Structures in Higher Spin Gauge Sym-
metry”. In: SIGMA 4 (2008). Ed. by Anatoly Nikitin, p. 013. DOI: 10.3842/SIGMA.
2008.013. arXiv: 0802.0479 [hep-th].

Dario Francia and Augusto Sagnotti. “Free geometric equations for higher spins”.
In: Phys. Lett. B 543 (2002), pp. 303-310. DOI: 10.1016/30370-2693(02) 02449~
8. arXiv: hep-th/0207002.

Andrea Campoleoni and Dario Francia. “Maxwell-like Lagrangians for higher
spins”. In: JHEP 03 (2013), p. 168. DOI: 10 . 1007 / JHEP03(2013) 168. arXiv:
1206.5877 [hep-th]|

L. Bonora, M. Cvitan, P. Dominis Prester, S. Giaccari, and T. Stemberga. “HS in
flat spacetime. YM-like models”. In: (Dec. 2018). arXiv: [1812.05030 [hep-th].

Steven Weinberg. The Quantum theory of fields. Vol. 1: Foundations. Cambridge
University Press, June 2005. ISBN: 978-0-521-67053-1, 978-0-511-25204-4.

Florian Loebbert. “The Weinberg-Witten theorem on massless particles: An Essay”.

In: Annalen Phys. 17 (2008), pp. 803-829. DOI: 10.1002/andp.200810305.

Anthony Duncan. The Conceptual Framework of Quantum Field Theory. Oxford
University Press, Aug. 2012. 1SBN: 978-0-19-880765-0, 978-0-19-880765-0, 978-0-

19-957326-4. DOI: 10.1093/acprof :0s0/9780199573264.001.0001.

Xavier Bekaert and Nicolas Boulanger. “The unitary representations of the

Poincar\’e group in any spacetime dimension”. In: SciPost Phys. Lect. Notes 30

(2021), p. 1. DOI: 10.21468/SciPostPhysLectNotes.30. arXiv: hep-th/0611263.

W. K. Tung. GROUP THEORY IN PHYSICS. 1985.

Philip Schuster and Natalia Toro. “A Gauge Field Theory of Continuous-Spin
Particles”. In: JHEP 10 (2013), p. 061. DOI: 10.1007/JHEP10(2013) 061 arXiv:
1302.3225 [hep-th]!.

150


https://functions.wolfram.com/HypergeometricFunctions/Hypergeometric2F1/23/01/0001/
https://functions.wolfram.com/HypergeometricFunctions/Hypergeometric2F1/23/01/0001/
https://doi.org/10.3842/SIGMA.2008.013
https://doi.org/10.3842/SIGMA.2008.013
https://arxiv.org/abs/0802.0479
https://doi.org/10.1016/S0370-2693(02)02449-8
https://doi.org/10.1016/S0370-2693(02)02449-8
https://arxiv.org/abs/hep-th/0207002
https://doi.org/10.1007/JHEP03(2013)168
https://arxiv.org/abs/1206.5877
https://arxiv.org/abs/1812.05030
https://doi.org/10.1002/andp.200810305
https://doi.org/10.1093/acprof:oso/9780199573264.001.0001
https://doi.org/10.21468/SciPostPhysLectNotes.30
https://arxiv.org/abs/hep-th/0611263
https://doi.org/10.1007/JHEP10(2013)061
https://arxiv.org/abs/1302.3225

[74]

[75]

[76]

7]

78]

[79]

[80]

[81]

[82]

[83]

Philip Schuster and Natalia Toro. “On the Theory of Continuous-Spin Particles:
Wavefunctions and Soft-Factor Scattering Amplitudes”. In: JHEP 09 (2013), p. 104.
DOI: [10.1007/JHEP09(2013) 104. arXiv: 1302.1198 [hep-th].

Philip Schuster and Natalia Toro. “On the Theory of Continuous-Spin Particles:
Helicity Correspondence in Radiation and Forces”. In: JHEP 09 (2013), p. 105.
DOI: 10.1007/JHEP09(2013) 105. arXiv: 1302.1577 [hep-th].

Philip Schuster and Natalia Toro. “Continuous-spin particle field theory with he-
licity correspondence”. In: Phys. Rev. D 91 (2015), p. 025023. pOI1: |10 . 1103/
PhysRevD.91.025023. arXiv: 1404.0675 [hep-th].

Xavier Bekaert and Evgeny D. Skvortsov. “Elementary particles with continu-

ous spin”. In: Int. J. Mod. Phys. A 32.23n24 (2017), p. 1730019. DOI: 10. 1142/

S0217751X17300198. arXiv: 1708.01030 [hep-th].

Victor O. Rivelles. “Remarks on a Gauge Theory for Continuous Spin Particles”.

In: Eur. Phys. J. C 77.7 (2017), p. 433. DOI: |10.1140/epjc/s10052-017-4927-1,

arXiv: 1607.01316 [hep-th].

R. Jackiw. “GAUGE COVARIANT CONFORMAL TRANSFORMATIONS”. In:
Phys. Rev. Lett. 41 (1978), p. 1635. DOI: 10.1103/PhysRevLett.41.1635.

Mohab Abou-Zeid and Harald Dorn. “Comments on the energy momentum tensor
in noncommutative field theories”. In: Phys. Lett. B 514 (2001), pp. 183-188. DOI:
10.1016/S0370-2693(01)00780-8. arXiv: hep-th/0104244.

Ashok K. Das and J. Frenkel. “On the energy momentum tensor in noncommutative
gauge theories”. In: Phys. Rev. D 67 (2003), p. 067701. DOI: [10.1103/PhysRevD.
67.067701. arXiv: hep-th/0212122.

J. M. Grimstrup, B. Kloibock, L. Popp, V. Putz, M. Schweda, and M.
Wickenhauser. “The Energy momentum tensor in noncommutative gauge field

models”. In: Int. J. Mod. Phys. A 19 (2004), pp. 5615-5624. DOI: 10 . 1142/

S0217751X04021007. arXiv: hep-th/0210288.

Herbert Balasin, Daniel N. Blaschke, Francois Gieres, and Manfred Schweda. “On
the energy-momentum tensor in Moyal space”. In: Eur. Phys. J. C 75.6 (2015),

p. 284. DOI: [10.1140/epjc/s10052-015-3492-8. arXiv: [1502.03765 [hep-th]!

151


https://doi.org/10.1007/JHEP09(2013)104
https://arxiv.org/abs/1302.1198
https://doi.org/10.1007/JHEP09(2013)105
https://arxiv.org/abs/1302.1577
https://doi.org/10.1103/PhysRevD.91.025023
https://doi.org/10.1103/PhysRevD.91.025023
https://arxiv.org/abs/1404.0675
https://doi.org/10.1142/S0217751X17300198
https://doi.org/10.1142/S0217751X17300198
https://arxiv.org/abs/1708.01030
https://doi.org/10.1140/epjc/s10052-017-4927-1
https://arxiv.org/abs/1607.01316
https://doi.org/10.1103/PhysRevLett.41.1635
https://doi.org/10.1016/S0370-2693(01)00780-8
https://arxiv.org/abs/hep-th/0104244
https://doi.org/10.1103/PhysRevD.67.067701
https://doi.org/10.1103/PhysRevD.67.067701
https://arxiv.org/abs/hep-th/0212122
https://doi.org/10.1142/S0217751X04021007
https://doi.org/10.1142/S0217751X04021007
https://arxiv.org/abs/hep-th/0210288
https://doi.org/10.1140/epjc/s10052-015-3492-8
https://arxiv.org/abs/1502.03765

[84]

[85]

[86]

87]

88

[89]

190]

91

[92]

193]

S. A. Merkulov. “The Moyal product is the matrix product”. In: arXiv e-prints,
math-ph/0001039 (Jan. 2000), math—ph/0001039. arXiv: math - ph / 0001039

[math-ph].

Loriano Bonora and Stefano Giaccari. “Supersymmetric HS Yang-Mills-like mod-
els”. In: Universe 6.12 (2020), p. 245. DOI: 10 .3390/universe6120245. arXiv:
2011.00734 [hep-th]|

Stephon Alexander, Leah Jenks, and Evan McDonough. “Higher spin dark matter”.
In: Phys. Lett. B 819 (2021), p. 136436. DOI: 10.1016/j.physletb.2021.136436.
arXiv: 2010.15125 [hep-ph].

Dmitry Ponomarev. “Invariant traces of the flat space chiral higher-spin algebra

as scattering amplitudes”. In: (May 2022). arXiv: 2205.09654 [hep-th]|

J.M. Martin-Garcia, A. Garcia-Parrado, A. Stecchina, B. Wardell, C. Pitrou et al.

xAct: Efficient tensor computer algebra for Mathematica. http://www.xact.es/.

Teake Nutma. “xTras : A field-theory inspired xAct package for mathematica”. In:
Comput. Phys. Commun. 185 (2014), pp. 1719-1738. DOI: 10.1016/j.cpc.2014.

02.006/ arXiv: 1308.3493 [cs.SC].

R Aldrovandi and J G Pereira. An Introduction to Geometrical Physics. WORLD
SCIENTIFIC, 1995. DOI1:(10.1142/2722. eprint: https://www.worldscientific.

com/doi/pdf/10.1142/2722, URL: https://www.worldscientific.com/doi/
abs/10.1142/2722.

Ruben Aldrovandi and José Geraldo Pereira.

Teleparallel Gravity: An Introduction. Springer, 2013. 1SBN: 978-94-007-5142-2,

978-94-007-5143-9. DOI: |10.1007/978-94-007-5143-9.

Kenji Hayashi and Takeshi Shirafuji. “New General Relativity”. In: Phys. Rev. D
19 (1979). Ed. by Jong-Ping Hsu and D. Fine. [Addendum: Phys.Rev.D 24, 3312—
3314 (1982)], pp. 3524-3553. DOI: [10.1103/PhysRevD. 19.3524.

A. Einstein. “Riemann-Geometrie mit Aufrechterhaltung des Begriffes des Fer-

nparallelismus”. In: Albert Einstein: Akademie-Vortraege. John Wiley and Sons,

Ltd, 2005, pp. 316-321. ISBN: 9783527608959. DOI: https://doi.org/10.1002/
3527608958 . ch36. eprint: https://onlinelibrary.wiley.com/doi/pdf/10.

152


https://arxiv.org/abs/math-ph/0001039
https://arxiv.org/abs/math-ph/0001039
https://doi.org/10.3390/universe6120245
https://arxiv.org/abs/2011.00734
https://doi.org/10.1016/j.physletb.2021.136436
https://arxiv.org/abs/2010.15125
https://arxiv.org/abs/2205.09654
http://www.xact.es/
https://doi.org/10.1016/j.cpc.2014.02.006
https://doi.org/10.1016/j.cpc.2014.02.006
https://arxiv.org/abs/1308.3493
https://doi.org/10.1142/2722
https://www.worldscientific.com/doi/pdf/10.1142/2722
https://www.worldscientific.com/doi/pdf/10.1142/2722
https://www.worldscientific.com/doi/abs/10.1142/2722
https://www.worldscientific.com/doi/abs/10.1142/2722
https://doi.org/10.1007/978-94-007-5143-9
https://doi.org/10.1103/PhysRevD.19.3524
https://doi.org/https://doi.org/10.1002/3527608958.ch36
https://doi.org/https://doi.org/10.1002/3527608958.ch36
https://onlinelibrary.wiley.com/doi/pdf/10.1002/3527608958.ch36
https://onlinelibrary.wiley.com/doi/pdf/10.1002/3527608958.ch36

[94]

195]

[96]

197]

98]

199]

[100]

[101]

1002/3527608958 . ch36. URL: https://onlinelibrary.wiley.com/doi/abs/
10.1002/3527608958. ch36.

K. Hayashi and T. Nakano. “Extended translation invariance and associated gauge
fields”. In: Prog. Theor. Phys. 38 (1967). Ed. by Jong-Ping Hsu and D. Fine,
pp. 491-507. DOI: [10.1143/PTP. 38. 491!

José G. Pereira and Yuri N. Obukhov. “Gauge Structure of Teleparallel Gravity”.
In: Universe 5.6 (2019), p. 139. DOI: 10.3390/universe5060139. arXiv: 1906 .
06287 [gr-qcl.

M. Le Delliou, E. Huguet, and M. Fontanini. “Teleparallel theory as a gauge theory
of translations: Remarks and issues”. In: Phys. Rev. D 101.2 (2020), p. 024059. DOI:
10.1103/PhysRevD.101.024059. arXiv: |1910.08471 [gr-qc].

Wooram Park, Gregory Leibon, Daniel N. Rockmore, and Gregory S.
Chirikjian. “Accurate Image Rotation Using Hermite FExpansions”. In:

IEEE Transactions on Image Processing 18.9 (2009), pp. 1988-2003. DOI:

10.1109/TIP.2009.2024582.

H.J. Groenewold. “On the principles of elementary quantum mechanics”. In:
Physica 12.7 (1946), pp. 405-460. 1sSN: 0031-8914. DOI: https://doi.org/10.
1016 /S0031 - 8914 (46 ) 80059 - 4. URL: https ://www . sciencedirect . com/
science/article/pii/S0031891446800594.

J.  E. Moyal. “Quantum mechanics as a statistical theory”. In:
Proc. Cambridge Phil. Soc. 45 (1949), pp. 99-124. por: 10 . 1017 /
S50305004100000487.

Thomas L  Curtright, David B Fairlie, and Cosmas K Zachos.
A Concise Treatise on Quantum Mechanics in Phase Space. WORLD SCI-
ENTIFIC, 2014. DOI: |10.1142/8870. eprint: https://www.worldscientific.

com/doi/pdf/10.1142/8870. URL: https://www.worldscientific.com/doi/
abs/10.1142/8870.

David B. Fairlie. “Moyal brackets, star products and the generalized Wigner
function”. In: Chaos Solitons Fractals 10 (1999), p. 365. DOI: 10 . 1016 /S0960 -

0779(98)00158-1. arXiv: hep-th/9806198.

153


https://onlinelibrary.wiley.com/doi/pdf/10.1002/3527608958.ch36
https://onlinelibrary.wiley.com/doi/pdf/10.1002/3527608958.ch36
https://onlinelibrary.wiley.com/doi/abs/10.1002/3527608958.ch36
https://onlinelibrary.wiley.com/doi/abs/10.1002/3527608958.ch36
https://doi.org/10.1143/PTP.38.491
https://doi.org/10.3390/universe5060139
https://arxiv.org/abs/1906.06287
https://arxiv.org/abs/1906.06287
https://doi.org/10.1103/PhysRevD.101.024059
https://arxiv.org/abs/1910.08471
https://doi.org/10.1109/TIP.2009.2024582
https://doi.org/https://doi.org/10.1016/S0031-8914(46)80059-4
https://doi.org/https://doi.org/10.1016/S0031-8914(46)80059-4
https://www.sciencedirect.com/science/article/pii/S0031891446800594
https://www.sciencedirect.com/science/article/pii/S0031891446800594
https://doi.org/10.1017/S0305004100000487
https://doi.org/10.1017/S0305004100000487
https://doi.org/10.1142/8870
https://www.worldscientific.com/doi/pdf/10.1142/8870
https://www.worldscientific.com/doi/pdf/10.1142/8870
https://www.worldscientific.com/doi/abs/10.1142/8870
https://www.worldscientific.com/doi/abs/10.1142/8870
https://doi.org/10.1016/S0960-0779(98)00158-1
https://doi.org/10.1016/S0960-0779(98)00158-1
https://arxiv.org/abs/hep-th/9806198

[102]

[103]

[104]

105

[106]

Maciej Btaszak and Ziemowit Domanski. “Phase space quantum mechanics”. In:

Annals of Physics 327.2 (2012), pp. 167-211.

H. Weyl. “Quantenmechanik und Gruppentheorie”. In: Zeitschrift fur Physik 46.1-2

(Nov. 1927), pp. 1-46. DOI: 10. 1007 /BF02055756.

E. Wigner. “On the Quantum Correction For Thermodynamic Equilibrium”. In:

Phys. Rev. 40 (5 June 1932), pp. 749-759. DOI: 10.1103/PhysRev.40.749. URL:

https://link.aps.org/doi/10.1103/PhysRev.40.749.

M. Hillery, R.F. O’Connell, M.O. Scully, and E.P. Wigner. “Distribution functions
in physics: Fundamentals”. In: Physics Reports 106.3 (1984), pp. 121-167. 1SSN:

0370-1573. DOI: https://doi.org/10.1016/0370- 1573(84) 90160 - 1. URL:
https://www.sciencedirect.com/science/article/pii/0370157384901601.

X. Bekaert, E. Joung, and J. Mourad. “Weyl calculus and Noether currents: An
application to cubic interactions”. In: Ann. U. Craiova Phys. 18 (2008), S26-S45.

154


https://doi.org/10.1007/BF02055756
https://doi.org/10.1103/PhysRev.40.749
https://link.aps.org/doi/10.1103/PhysRev.40.749
https://doi.org/https://doi.org/10.1016/0370-1573(84)90160-1
https://www.sciencedirect.com/science/article/pii/0370157384901601

	Introduction and Motivation
	Motivation
	Higher-spin theory
	Outline of the thesis

	Moyal Higher Spin Theory - origins and construction
	Higher-spin symmetries and the master space formulation
	MHS gauge potential and the Yang-Mills model
	MHS Covariant formulation
	L structure of the MHS model

	A unitary representation of the Lorentz group on Hermite functions
	Representing a group on a function space
	Representation of the Lorentz group on L2(R4)
	Lorentz Lie algebra in d=4

	Spacetime content and the particle spectrum
	Spacetime fields
	Wigner's classification
	The quartic Casimir in the Hermite expansion
	The quartic Casimir for an on-shell master field

	MHS gauge field models and conservation laws
	Model building in the MHS gauge sector
	Conservation laws and conserved charges in MHSYM theory
	MHSYM as a matrix theory

	Coupling to matter and scattering
	Minimal matter
	Master field matter
	Tree-level scattering

	Low spin sector and induced geometry
	Emergent geometry in the MHS theory
	MHSYM model in the s2 sector
	Classical vacuum solutions

	Conclusion and outlook
	Mathematical definitions and results
	Moyal star product
	Weyl-Wigner map
	From Lie to L
	Representations of ISO(2)

	Details for calculations in MHS theory
	Second order (metric like) gauging
	Details for the interaction with simple matter
	Curvature tensor measures triviality


